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A Note on Weak Bailey Lemma Related to Basic Hypergeometric Series

M. M. Eltikali, and *T. M. Elfrgani
Department of Mathematics,
Faculty of Art and Sciences

Benghazi University, Al-Wahat, Libya
*Department of Mathematics,
Faculty of Sciences
Benghazi University, Libya

E-mail; mahmoodeltikali@gmail.com, elferganimath@gmail.com.

Abstract. In the present paper, we have made an attempt to establish certain summation
formulae for basic hypergeometric series by making use of weak Bailey lemma and known
summation formulae for truncated series.

Key words. Basic hypergeometric series, Weak Bailey lemma, truncated series, summation
formulae.

1. Introduction. W. N. Bailey in 1940s elucidated the underlying structure of Rogers proof.

n a
n 1.1
Z: q q)n r (aq q)n+r ()

Where «, and f,, are two sequence, then

Z 2 q" f, = i a"q" a, (1.2)

(aq;q), Q)
Under suitable condition of convergence.
(G. Andrews, R. A. Askey, R. Roy [1; Eq. (12.2.1), (12.2.2), p. 582]).
For any numbers & and , real or complex and |q|<1, let

(1-a)(1-aq)..l—aq"™) n=1,2,..

(a;q), =
1 'n=0 (1.3
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(a;q).. =f[(l—aq”),

According, we have n=0 (1.4)

Following Gasper and Rahman [2] we define a basic hypergeometric series

a,,a,,..., a,
1,2
r¢s[al""7ar;bl""’bs ;qu]: r¢s bl'bz,. bS
(1.5)
)(a q) (a q) q/ln(m-l)
= n 2", z|<1)
Z 1a),(by3a), (b, ;0),..(bs ), (z]<1)
We also define a truncated series.
a,,a,,...,a,
. o . . An(n+l)
r¢s ’q’Z Z al’q a2 ’q)n"'(ar ’q)nq Zn. (16)

b.,b, ....b, = (g;9), (b a),(b5a),...(b:q),

N

During the process in this paper, we also make use of the following notations as

o (@ia) 1y g
(@sa),., = (47a] (L.7)
and
(a;q),., =(aq;q), (ag"*q), (1.8)

We shall need the following known results in our analysis,

,q+/a,-g+/a, g™
’ s AR e (ag,—q%q), (aq,-q™?q),
w Vi Amagt 2(Jag:a),(~ava:a),,  2(-Jag:a),(afa:a), ,

(1.9)

(Verma and Jain [3; Eq. (4.1), p. 76])
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=(1+\/5)(aq,—1; Q) +(1—\/5)(aq,—1: a)n (1.10)
2(ag:07), 2(a ~ava:q),

m

q.qva, g™
N 0,—1q

\/g’ aq1+m

(Verma and Jain [3; Eq. (4.2), p. 76])

%Hn ~ (1+ ﬁ)(aq, —\/a; q)

L-Va)(aq,-a;q)
4 - _ n (1.11)
B YT T Janadaa),

2(Jaq ~aa;q),

T+

(Verma and Jain [3; Eq. (4.3), p. 76])

a,qva,—qva,q" 1 — (aq,—q_;;q] (aq,—q?;q}
o _?+m _ 1 m _ m
f: 5. agh B 20| (Vaga) (Faaid),,  (agd) (adaid),
) (1.12) _

(Verma and Jain [3; Eq. (4.5), p. 77])

.qa, g
y A - g™ _1+va (ag-La), 1-Ya (ad-La), (543
o \/g,aqhm o 2\/5 (aq;qz)m 2‘/5 (\/g’_q\/g;q)m
(Verma and Jain [3; Eq. (4.6), p. 77])
y aq g =1+J5 (aq,—\/a;Q)m _1—\/5 (aq,—\/a?Q)m (1.14)
2 agis o 2J/a (-ag,avaa),  2va (Jaq.-ava;a),

(Verma and Jain [3; Eq. (4.7), p. 77])
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22 afan Vo agial,,  2(a (e Veasal,,
Ja,aq

(1.15)

,d-a, —q"
mzrq N ;q,qm:%a:%z (92, L a@ah (@0 (1iahs(Ga),

(Verma and Jain [3; Eq. (4.8), p. 79])

2,qva,~qVa, " 1 (a;q)mz(q\/_,—qz;qJ (a),
4¢3 4, =9 “1= -
o f3 agen 2Ja(q,/a -Va,Jad;q), , (1.16)

(& Q. avaa%a),.(@a),
2Ja[Va,~\a ,~/aq;q),

(Verma and Jain [3; Eq. (4.9), p. 79])

q{a’ “ ;q,qm,z] @) (V). @), (@a),.,(-Varq),.(@a),

R 2alg.\a,~Jagia),,  2/ala—a ag:iq),,
(1.17)

(Verma and Jain [3; Eq. (4.11), p. 79])

2. Main Results.

S gt o L (ag,-a"”; q), (a0.-0"a) )

(aa:a). 2(Jaqa],(~aya:al, . 2[-aa:a),(ava:a),
1 (1+\/5)(aq,—1;q) ( \/_)(aq -1q),

Saq” g, =
n=0

(ag;a),  2(agq’), 2(Ja -ava;q),
2.2)
S 1 (1++/a)(ag,~ara), (1-+a)(ag - Ja;a),
D N N CTEEY 2(-yag.qya;q),  2(Jaqg.-~ava:q), &3
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S 1 1 (ag.-a*%a),  (aaq.-q**q),
20 " ara). 24| (Jagal(-avaial,,  (Jaaa),(ovaial. |
(2.4)

1 1+va (ag,-Laq), 1-va (ag-Lq),
(ag;q), 2va (aga?®), 2va (Ja.-ava;q)

1 1++a (ag-yaiq), 1-va (ag,-Ja;q), (2.6)
(ag;q), 2va (-yaq,qva;q), 2va (Jaq-ava:q), |

S g g b @0 (0 taa) @) (10),.(0),
i " (ad’:q), 2vala—aq,va,\aq;q) . 2Vala,~J/a.q:q) .

(2.5)

>aq" g, =
n=0

Maqh g, =
n=0

(2.7)

oo, 1 (@d)y,(afa el @a),
; g ﬂ“_(aqz;q) 2\/_(q\/_ \/E’\/a_;q)mﬂ
(a; q)mz( gva,—q " )m(q a),
2/a (Va - a,~faq;a),,

(2.8)

1 (@a).(-vaig),.(@a), aqm( Jai )., (@),

& o (a;
2, P~ laq?q)., 2Ja (a.a,~Jag;q),, Va(g—/a,faq;q),,

(2.9)

3. Proof of Main Results.

1) As an illustration, we prove (2.1).

g (L-a0”)(aa),

Taking «, = (1—a) in (1.1), we get:
ﬁ _ n qr(r—l)/2 (1_aq2r)(a;q)r 7"
" r=0 (1_ a) (q’ q)n—r (aq’ q)n+r
(3.1)

Now, substituting the resulting value of S, and the above value of «, in (1.2), we get
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3.2)
Using (1.7) and (1.8) in (3.2) after simplification, we get
: a,qJa,-qa, q"

0 n nz an n m
Z a’ g’ p,= Z (q.q) (Zq'q) 495 a4, —2Q (3.3)
n=0 n=0 ’ ’

n n Ja,—+a, agt™

Talking z=q™* in (3.3) and summing the ,¢, with the help of (1.9) and after
simplification we get the result (2.1).

2) Proof of (2.2)

r(r-1) .
Taking «, = L 1(: E(/%’_qf’q)’ in (1.1), we get

ﬂ _ n qr(r—l)/2 (q’q\/a’q)r
"5 (aVasa) (09),., (ag;a),.,

Now, substituting the resulting value of g, and the above value of «, in (1.2), using (1.7)

(3.4)

and (1.8) in (3.4) after simplification, we get

q.9+va, g

0 noon2 a" q”2 . m
a' q' g, = —~ 7 4, —q
zo h Zo @a),@qq), * J2 aghT

a,aq

(3.5)

Now, summing the ,¢, with the help of (1.10) and after simplification we get the result
(2.2).

3) The proof of (2.3) is as follows:

r2/2

(a;a).q

(a;a),

Talking o, = in (1.1), we get

r/2

g -3 (a;a). g

= (a:a), (@:0),., (agq),.,

(3.6)



71
GANITA SANDESH, Vol. 32 (June & December, 2018)

Now, substituting the resulting value of /g, and the above value of «, in (1.2), using (1.7)
and (1.8) in (3.6) after simplification, we get

(3.7)

Now, summing the ,¢, with the help of (1.11) and after simplification we get the result
(2.3).

4) The proof of (2.4) is as follows:

(a,qva~ava;q), 2"

Talking «, = (\/5 —\/g'q) in (1.1), we get
=3 (a.0/a ~a/aq) 2
" & Va —~asa) (@a), (aga),,
(3.8)

Now, substituting the resulting value of g, and the above value of «, in (1.2), using (1.7)
and (1.8) in (3.8) after simplification, we get

) a,qva,—-qg+a,q"
o0 n n2 o0 an n n
Z a' q' g, = Z (Q'Q) (Zq,q) 19 40, —2(Q (3.9)
n=0 n=0 ) n ’ n \/—'_\/a’aql”n

1/2

Talking z=qg"'° in (3.9) and summing the ,¢, with the help of (1.12) and after

simplification we get the result (2.4).

5) The proof of (2.5) is as follows:

" (a,qv/aiq),
Vaia),

Taking «, = z" in (1.1), we get

>

g (a,94aa),

7 & e ) @a) eaa)y
(3.10)

Now, substituting the resulting value of S, and the above value of «, in (1.2), and using
(1.7) and (1.8) in (3.10) after simplification, we get
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: a,gva, q"
N non? a" q” . m
a"q” g=> ooy 024
Z: Z: (9;0),(ag;q), *"* -
Ja,aq

(3.11)

Now, talking z=q in (3.11) and summing the ,¢, with the help of (1.13) and after
simplification we get the result (2.5).

6) The proof of (2.6) is as follows:

(a ;q)rqr2/2

(;a),

Talking a, = in (1.1), we get

r2/2

g (a;9), g
= (a:a), (@;9),., (ag;q),.,

By =
(3.12)

Now, substituting the resulting value of g, and the above value of «, in (1.2), using (1.7)
and (1.8) in (3.12) after simplification, we get

a q

S R ;0 —9° 3.13
n=0 (q1q)n(aqaq)n e aql+m ( )

Now, summing the ,¢, with the help of (1.14) and after simplification we get the result
(2.6).

7) Proof of (2.7)

If we replace a by aq in (1.1), we getif for n>0

n an
(3.14)
P 2 (el B a
Then
ia“q“zﬂ =ia Zn: “n (3.15)
n=0 " & =0 q q)n r(aq q)n+r .
r+l
Taking «, :q (a 0a; q) 2" in (3.14), we get

la.va;q),
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B n qr(r+l)/2 (a’Q\/g;q)rz"
h=2, (a.va;q) (a0),,(ad?q),.,
(3.16)

Now, substituting the resulting value of £, in (3.15), after simplification, we get

aqva, g™

= n n? < a" qnz . m
a" q" B = P 0, -20 (3.17)
nZ:O nZ:O (q;q)n(an;q)n . \/g aqm+2

Now, talking z =q in (3.17) and using (1.15) to sum the ,¢,, after simplification we get the
result (2.7).

8) Proof of (2.8)

a2 (a,0va,~a4/a ;)
la.va,~/a;q),

Taking «, = z" in (3.14), we get

IB _i qr(r—l)lz (a,q\/g_q\/g;q)rzr
" r=0 (q 1\/5,_\/5; )r (q;q)n—r (a'qz;q)””
(3.18)

Now, substituting the resulting value of 3, in (3.15), after simplification, we get

2 a,q\/_,—q\/a,q‘m

3 n ~n? S a" qn m
a = ;g —2 (3.19)
2 A (@a),faara), ** Ja,-+a,ag™" n

Now, talking z = g"? in (3.19) and using (1.16) to sum the ,¢,, after simplification we get
the result (2.8).

9) Proof of (2.9)

qr(r+l)/2 (a ,q)

(a;a),

Taking «, = Lz" in (3.14), we get

r(r+1)/2

&g (a;q),2'
h=2, (a:9), (a:9), (ag’:q),.,

(3.20)

Now, substituting the resulting value of £, in (3.15), after simplification, we get
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" n n? S a" qnz . m
a n = v, —2(q
2 A= (@), o), 2* |

(3.21)

Now, talking z =qg*? in (3.21) and using (1.17) to sum the ,¢,, after simplification we get
the result (2.9).
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Abstract: We apply the binomial coefficient polynomial to write the harmonic numbers H,,
in terms of

Stirling numbers of the first kind, and we employ the Melzak’s identity to exhibit
representations

of H,. We also deduce identities involving the harmonic numbers via their
connection with the

derivatives of binomial coefficients.

Keywords: Stirling numbers, Melzak’s identity, Binomial coefficients, Harmonic numbers.

1. Introduction

The harmonic numbers are defined by [1-7]:

1)

and we know that the corresponding harmonic series is divergent, that is, H, — o when
n — oo , this topic is considered in Sec. 2. However, it is possible to construct the finite
quantity:


mailto:jlopezb@ipn.mx
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Yo = lim 4., (H, — Ln k) = 0.5772 1566 4901 5328 6060 ...
(2

called Euler-Mascheroni’s constant [5, 8-10].

In Sec. 3 the Melzak’s identity [11-13] allows to deduce the relation:

g (n) -DF G- nlI(s)
k=0\k) k+s — (n+1 T (s+n)! | T(s+n+1)’

(3)

where I'(s) is the gamma function [5, 8, 14-17] and (s), = s(s+ 1)(s+2) =~ (s+m—1)
is the Barnes-Pochhammer symbol (ascending factorial function) [5, 13, 18-21]. Thus (3)
implies the following alternative expression of Euler for (1) [1, 13]:

Ho=30 (1) 25, n=1

(4)

If we apply ;—S to (3) and the result is evaluated at s = 1, we find the property:

Zn (n) ﬂ — Hn41
k=0\k/) (e+1)2 ™ nt1’

(5)

which is useful to prove the Coffman’s formula [5, 22]:

Zoo Hy :ﬁ
k=1 ok = 12"

(6)

In Sec. 4 we consider the polynomial in x of degree k :
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)=z x@-Dx-2)~@—k+1) =[x,

(7)

where [x],, is the descending factorial function [13, 21, 23]. Then it is possible to show the
interesting connection:

He =[5 (1) 1x=t 5
(8)

besides, the Stirling numbers of the first kind are defined by the relation [1, 3, 13, 15, 18, 21,
24]:

[x], = 3K o ST xm

9)
hence (7), (8) and (9) imply the following expression for the harmonic numbers:

1 . j i—

(10)

which is alternative to the known identity [1, 3, 13]:

1 i . j
Hy = — 3, (=1t s

(11)

We remark that in (10) and (11) only participate the Stirling numbers of the first kind, but in
[7] was obtained the following formula in terms of Stirling numbers of the second kind:
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1 - 2n k—
Hy =5 SRS (0 (T ) kSIS, nzt

(12)

We also exhibit that from the Spiess result [2]:

s He _ 1 [ 1 _1+(m—1)Hn+1]
k=1 (k+1),, = (m-1D2 | (m-1)! M+Dm-1 1’

(13)

is immediate the Cloitre’s relation [20]:

0 Hk _ 1
Zic=1 (k+1) ~ (m—1)! (m—1)2 ’

m=23,..

(14)
2. Harmonic series

We have that Nicole d’Oresme (1350), Pietro Mengoli (1647) and Johann Bernoulli (1687),
among others, proved that H, - o« if n — o, that is, the harmonic series Z",ﬁzli IS

divergent. Here we shall show an alternative proof of this property, in fact, we apply the
Gauss geometric series:

z
Zlezk:E, |Z|<1,

(15)

for z=e™, then Y5, e ® = ::_v, whose integration with respect to v gives the

expression [25]:

1

Yo : ek — % —Ln [2 sinh (%)],

(16)
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where we can employ v — 0 to obtain that H, — c when k — oo, which is equivalent to
€(1) » oo for the Riemann zeta function [5, 26]. As an application of this result, let’s
remember the identity [27]:

H 1
2%k =HI+ ¥k 7, n21,
(17)
then is immediate that:

H .
2;{;17" — o if n— o,

(18)

71.2
because Z,}”:lkiz =0(2) = [5].

3. Melzak’s formula

Melzak [11-13, 28] deduced the interesting property:

s+n n —k
fa+s)=s (O i (D () B2, nzo0, s20-1.-m,

(19)

for all algebraic polynomials f(z) up to degree n. Thus for f(z) = 1 the relation (19) implies
(3), which can be written in the form:

)

n (n) (DF _ n!T(s+1) ~[(s+nt1)
k=1 \k) k+s sT'(s+n+1)

where the Hopital’s rule allows to consider the case s = 0:
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n\ (-1)k ! -
71;:1( ) -1 = lim_, n!T(s+1) Y (s+1) = T(s+n+1) P(s+n+1) _ lp(l) —l/J(TL+ 1)'

k k [(s+n+1) [1+s P (s+n+1)]
(20)
with y(z) = FF((ZZ)) , but we have the expression [27]:
1
Yz +n) —Y(@ =Y n=1,
(21)

hence Y(n + 1) —y (1) = H, and (20) implies the representation (4) for harmonic numbers.
Now we apply ;—S to (3):

(2D

n ny Dk nirg) _ _ 7 nl(s=D)! +1 1
Zk=0 (k) (k+s)2 - I'(s+n+1) [l/J(S tn+ 1) l/J(S)] - (s+n)! Zj:l j+s—1 '

(22)

which gives (5) when s = 1. In [6] was showed that (5) and the analytic continuation of
Riemann zeta function obtained by Hasse - Sondow [29-31] allow to deduce (6) due to
Coffman [22].

It is interesting to exhibit other proof of (4), in fact, from the finite geometric series:

n n

S 2 =T = (B () - D - 1] = 5 () G- 0F

x—1

whose integration gives the relation [1]:
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(23)

which implies (4) for x = 0.

4. Stirling numbers

From (7):
() = e+ and
S0 =@uerv-vekrm e

thus (8) is immediate. On the other hand [1, 3, 13, 15, 18, 24]:

7 9) o
() = Lpe = 2350w,

(25)

with the participation of Stirling numbers of the first kind [32]. If we employ (25) into (8) we
obtain the representation (10), however, in the literature [1, 3, 13] we have the expression
(12), which gives the following identity for Stirling numbers:

Pk SMIpkt = ym (—1)kin s
(26)

It is easy to see that:

Hi _ yn+1 b +2 1

(27)

where we can use (18) to deduce the result:



18 | J. Bulnes, J. Lépez-Bonilla and S. Vidal-Beltran / Stirling and Harmonic...

H .
Zﬁ=1 _k-:l — o0 if n — oo

(28)

by this reason we consider the Spiess formula (13) for m # 1. It is known the very slow
divergence of the harmonic series, hence:

1+(@n-1)Hpiq

— 0 when n-—o, m:=2,
Mm+2)m—1

(29)

therefore (13) and (29) imply (14) due to Cloitre [20]. We remark that in [33] is the
generation function:

o Hg _ok+1 1 2
T e (1 - )R =2 (Ln2)?,
(30)

which also allows to deduce (28).
5. Harmonic numbers

It is well known the property [5]:

)

i(x+m):(x+m) - 1

dx n n jtx+m—-n
(31)
in particular:
d (x+m d (X n
[E( n )]x=n—m :Hn' [E(n) ]x=—1 = (_1) * Hnr
(32)

for the harmonic numbers; here we employ (31) and (32) to deduce identities involving the
quantities H,,. In fact, we have the expression [13]:
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=37 () s,
(33)

thus (32) and [ == (33) J,——; imply:

n(- ST =n(-1)", n2x1
(34)

We can verify (34) if we use (11):
o G S =S (D g B, s s =D

by the orthonormality of the Stirling numbers [5, 13]; hence (11) and (34) are reciprocal
relations.

Lanczos [34] used the binomial expansion of Gregory-Newton to obtain the identity:

Lk=0 (i) (Z> (k+11)m - (n+11)m (x ’ Trrll i n) ’

(35)

where (k + 1),, = &

o then (32) and [% (35) ],=—1 allow to deduce the formula:

n (_1)k+1 n _ 1 _
Zk=1 (k+Dpm, (k) Hk - (m—l)!(m+n) (Hm+n—1 Hm—l)u m 2 1

(36)

We have the following expression of Graham-Knuth [35]:
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o () =+ (), nzo

(37)
therefore (32) and [% (37) ]x=o imply the property [36]:

Yh—o Hr=(+1)H, —n, n=0,12,..,
(38)

which is a particular case of the identity [2, 3, 35-38]:

Shem (30) He = (4 1) (Hos =557,

(39)

for m=0.

In [13] we find the relation:

i D () k=D x (F29)) =1
(40)

thus (32) and [%(40) ]x=—1 generate the result [39]:

k=1 kH = (n ; 1) (Hn+1 - %).
(41)

which is deductible from [2, 13]:

_ n+1 1Y . o]
Z;cl=1 k™ Hy, = }nzl <j+1>(Hn+1_j+1)]! Sm ’
(42)
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for m = 1.

We know the expression:

k=1 (Z) k("—”‘) = 2k=1 3 »
(43)

then [%(43) ]x=0 and (32) allow to obtain the identity [40]:

ny (-1)k+! 1
L (i) S He =Zha i
(44)

which can be verified directly via the relation (4).
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Abstract
In this paper, we obtain some functional equations of the Appell type double zeta functions and
consequently, express the series consisting of definite Appell’s type double Hurwitz — Lerch Zeta
functions into sum of Bernoulli polynomials. Finally, we systematically investigate their analytic
continuation formulae.
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1. Introduction

In 2000, Choi and Srivastava [2] introduced a double zeta function

' , — J'© (@)m+n (BIm (B In zmt"
¢(Z,ﬁ!ﬂ VY (Z; t; S, a) - m,n=0 (Y)m (}/')nm!n! (a+m+n)s ’ (1)

where, a,8,8 €C,y,y,a € C\ Zy,s,zt € C and R(s) > 0,when |z| < 1,|t] <1 and for |z| =
tl=1, Ry +y +s—a— - B)>0.

Here in (1) the Pochhammer symbol, (a),,, [12, p. 22] is defined as factorial function by

T(a+n) _ = (a),: {a(a + 1)(a +2)..(a+n—-1);n=1, @)
T'(a) n: = 0,fora # 0.

Clearly setting y = 8,y = B' in formula (1) and then on applying series rearrangement techniques
[12], we get a generalized Hurwitz-Lerch type zeta function due to Goyal and Laddha [6]

( (z+t) *
bappippBtsa) = L= Oa)fw(;—zw)s ¢, (z+1,5,0), (3)

provided thata € C\ Zg,s, @ € C,when |z +t| < 1,and when |z + t| = 1, (R(s) — a) > 0,R(a) >
0.

Again then on setting @ = 1 in formula (3), we find a Hurwitz-Lerch type zeta function in the form
(I21, [5, p. 27], [10, Egn. (1.4))

— 0 (Z+t)M _ —ax
¢1,[§,ﬂ ';[;’[;'(Z, t,s,a) = Xy=o @iy ¢(z+ts,a)= e )fo —(1 = dx, 4)

provided that (a € C\ Zg,s € C,when |z + t| < 1,and when |z + t| = 1, R(s) > 1).
Later on Choi and Parmar [3] introduced and studied another double zeta function in the form

. — 0 (@m+nBIm (B ’)n zmt"
¢Of,ﬁrﬁ 'V(Z; t; S, a) - Zm,n=0 (Y)m+nm!n! (a+m+n)sy
(%)

provided that a,8,5 € C,y,a € C\Zy,s,zt € C and R(s) > 0,when |z| <1,|t| <1 and for
Izl =|t|]=1, Ry+s—a— B— )>0.
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When we set z = t in formula (5) and then on using the formula (see, Srivastava and Manocha [12, p.
55] in it, and using Eulerian formula [10], we get following relations of Hurwitz-Lerch type zeta
function

, v @GO 2V 1 o g g aB+B5
bupp,(Z25a) = Xi=o N ot T Jo e X" R y, | ze dx,
(6)

provided that o, 8, 8" € C,y¥,a € C\ Zg, s,z t € Cand R(s) > 0, when |z| < 1, and for |z| = 1,
Ry +s—a— - B)>0.
Here in Eqn. (6), »F; [.] is the classical hypergeometric function due to Gauss.

Thus it would seem quite natural to investigate what is implied by the Eqns. (1), (3) - (6). In this paper
we obtain some functional equations of double zeta functions of double zeta functions (1) and (5).
Again, the series involving double zeta functions (1) and (5) are expressed in terms of Bernoulli
polynomials and then systematically their analytic continuation formulae are discussed.

2. Certain functional equations of double zeta functions (1) and (5)

In this section, we derive functional equations of the double zeta functions (1) and (5) by obtaining
some well-known zeta functions found, for instance in the literature (see for example [4], [6]-[10] and
others) and some unknown zeta functions.

In the Eqn. (1), replace y and y' by B and B’ respectively and then in the Eqn. (5), apply the formulae
limy oo (1) {i} = limupm% =z" (see in [11, p. 20]) and then making an appeal to the

formula (3), we find following equivalent results

. , ) V24 yt ) )
hmy—)OO,B—)OO,ﬂ —00 ¢a,ﬂ'/} Y (ﬂ ﬁ S, a) (Pa,ﬁ,ﬁ ;ﬁ,ﬁ (ZI tP S, a)

w (@ @+ .
= Zi—0 " iy = @@ H65.0),
)

provided thata € C\ Zg,s,a € C,when |z + t| < 1,and when |z + t| = 1, (R(s) —a) > 0,R(a) >
0.

Again in Eqn. (7), set z=1,t =1, a = 1, and then making an appeal to a relation of generalized
zeta function {(s,a) ([1, p. 249], [2, p. 89]) and the result (7), we find following connection of the
formulae (1) and (5) with the generalized zeta function {(s, a), given by

2 2
lim b1y (}/[/g y[g »S) ) =P1pp.5p51/2,1/2,5,0) = ¢*(1,5,a)

y—oo, [)’—)ooﬂ —00
- ZM 0(a+M)S c(s a)

(8)
provided thata € C\ Zy,s € C, (R(s) — 1) > 0.
Further put a =1 in Egn. (8), and then applying the equivalence relation {(s,1) = {(s) =

! ((s, l) in it, we get following equivalence relations

2s—1

Y/2 v/2 _ v/2 v/2
lim y—)ooﬁ—»ooﬁ—»oo(l)llgﬁy(ﬁ'ﬁ"sl ) hmy—)ooﬁ—)ooﬁ—)ood)lﬁﬁy(ﬁ'B"S)
_ 1 y/2 v/2
- 251 y—»oo,ﬁll)rg,ﬁ'—)oo ¢1ﬁﬁ D4 ( B ’ ,[)’, '5'2)'

(9)

1 1
¢1,/;,/3 ’,-/3,/;’(1/2 , 1/2 'S, 1) = ¢1,ﬁ,ﬁ’; ﬁ,ﬁ’(l/z. 1/2 ’ 5) = 25__1¢1,ﬁ,3 BB (1/2 ’ 1/2 ' S) E)’
(10)
and
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¢ (1,5,1) =" (Ls) === ¢, (1s§)
(11)

Since we are familiar with the formula Titchmarsh [13, pp. 21-22]
nS/2T(s/2){(s) = m~1/2+s/21(1/2 — s/2){(1 — s5) , since then applying the relations given in
Egns. (9), (10) and (11), we get following functional equations

TS0/ 2) 1My 0 B g7y (25 205 1)

= VI (12 = $ /)Ny oo D1y (55 55 1= 51). (12)
(s /2Dy p g pp0(1/2,1/2,5,1)

=g ~1/2+s/2p(1/2 — s/2)p1p 5,55 (1/2,1/2,1=5,1).
(13)
/2 (s/2)$*, (1,5, 1)
= V2¥/20(1/2 — s/2)¢* (1,1 — s, 1). (14)
3. Series of Appell’s type double zeta functions into sum of Bernoulli polynomials

In this section, we will make use of a connection of zeta function and Bernoulli polynomials to get
series of Appell’s type double zeta functions into sum of Bernoulli polynomials. This technique may
be exploited to compute the series involving the double zeta functions (1) and (5).

In Eqn. (8) applying the result due to [1, pp. 246-266],

1
(-1)”{(—71, Cl) = mBn+1(a) vn=0,1,23,..;
where, for a € C\ Zg, B,,1(a) are the Bernoulli polynomials and B, .1(1) = B,41, is a Bernoulli
number vn = 1,2,3, ... , we find the following series involving Bernoulli polynomials:

y/2 y/2
Zn =0 hmy—)oo B—0, [3 —00 ¢1ﬁ ﬁ Y ( ’ﬂ_ —-n, a) (_Z)n )
=B;(a) + EBz(a)z + §B3(a)z + ZB4(a)z3 + EBS(a)Z4 +ot— By (@)z" + -,
. /2 /2 1
= 1My s oo’ 0 P17y (L0270 1 @) (“1)" = =B (@) ¥ = 0,123, .
(15)

Z;?:O ¢1,ﬁﬁ ';ﬂﬁ'(l/z ) 1/2 ’ _n' a) (_Z)n
1 1 1 1 1
= By(a) + EBZ(a)Z + §B3(a)z2 + ZB4((1)ZS + EBS(a)Z4 + -+ mBnH(a)Z" + -,

1
= q’)l‘ﬁﬁr;ﬁﬁr(l/Z,l/Z, —n,a)(—1)" = ?Bnﬂ(a) vn =0,1,2,3, ... (16)
and

Yn=09y (1 —n,a) (— Z)”
=By(a) +5 Bz (@z+ = 33 (a)z% + = B4(a)z +ot— B, (a)z" + -,
= ¢*,(1,-n, a)(—l)" = ﬁ n+1(a) vn=0123,.. (17)

Therefore using the series given in Egns. (15), (16) and (17), we obtain the following series involving
Bernoulli polynomials

v/2 y/2
_Zn Ollmy_mo[?—)oo[? —>oo¢1[;’ﬁy(ﬁ 'ﬁ_ —-n, a)Z

Vv/2 v/2
+ - Zn Ollmy_mﬁ_,oo/; _’°°¢1ﬁﬁ)/(ﬁ ’Vﬁ_ —n, a)(—z)n

=Bl(a)+§B3(a)z +gB5(a)z +;B7(a)z + -, (18)

/2 v/2 1 woo
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= B, (@) + 3 B3()z? + £ Bs(@)z* + 2 By (a)z® + -, (19)
1¢o * 1y

52n=0 (o) 1(1: -n,a)z" + EZn:O ¢1,5,ﬁ’; 5,5’(1/2 ,1/2,—n,a) (—=2)"

= B; (@) + 5 B3(0)z? + ¢ Bs(@)z* + 2 By (a)z® + - (20)

By using these series (15)-(20), we may compute the series involving the double zeta functions (1)
and (5).

3. Analytic continuation formulae of double zeta functions (1) and (5)

In this section, we consider the Euler integral formulae of double zeta functions (1) and (5) and then
obtain their analytic continuation formulae.

Theorem A. If R(s)>0,%R(a) >0,a,8,8,y,y €C, then the double zeta function
¢a,ﬁ,ﬂ . Wr(z, t, s, a) satisfies an analytic continuation formula

r@r(g") (=t @I (B —a) (e @n(a—y +1)
to Pappiyy (B850 =500 Ln=0"(epr,  PappyZZSntat
"
a)} —
L& H7’ F(B')F(a—ﬁ') (ﬁ) (ﬂ -y +1), ) ©)
G -6 2n=0"(y v, Pappy@BHSTE AT I

provided that |arg(— t™1)| < m, |Z| <1,]t7Y < 1/max{1, |1 — z|}.
(21)

Proof. Consider the Euler integral formula by techniques of ([2], [7], [9]) for R(s) > 0,R(a) >
0,|z] + |t] < e™*Vx € (0, ),

P iyy B65,0) = 7= [y x5l By (@, BBy, ¥ ze 7 te ) dx,

(22)

and make an appeal to the analytic continuation formula for the Appell function F,(.) (see,
Srivastava and Karlsson [11, p. 294]) where we have replaced t by t = to get it in the form

-1 "_ n(a— "+1 — . n
T(a)r (g’ )Fz(a B.B:v.v2, t‘l) (-t 1) “T(a)r(8 a)Z:lo 0(oz) (a’y +1) JF, [ r;/’.ﬁ’z %

TGy . To-o (a—p +1)
PEON(@=B") (—1v—p oo BB 1 +1), a—p - np;,
RS (=7 Znso @ —arn, 21 14 n"
larg(—t™D)| < m,|z| < 1,]t7| < 1/max{1,|1 — z|}.
(23)

Then under the conditions given in Egns. (22)-(23), multiply both the sides of Eqgn. (23) by

%xs‘le‘“x and then integrate both the sides with respect to x from 0 to oo, we have

F(“)F(ﬁ,)L ®© _s—1_,—ax " =X $—1,—x
7)) F(s)fo xS le Fz(a,ﬁ(,ﬁ,'y,);,ze ,tle™)dx
_ ) r@r( -a) (g @nlay +1 n_ 1 [(®, s-1,—(n+ata)x _nrﬁ; —x "
- o - Ln=0"G g+, Tl X € 2f1 ze ™ | dxy =

LD d rE () {Z;.lo_ (), (8~ +1),

n!’

x5~ 1 —(n+a+[3 )x [(l :8 n, .8 —x] }@
TG 6 B —atDy TG ok ¥ 2f1 dx
(24)
Now in Eqgn. (24), use the formulae (6) and (22). Under the conditions given in Eqgn. (23), the general
formula (21) can then be deduced.
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Theorem B. If R(s) >0,R(a) >0, €C,a € C\Z; then the double zeta function
d)a‘m o (z,z, s, a) follows an analytic continuation formula

B
berpa250) = p(z,5,0) + 35,
(25)
provided that |z] < 1,[t] < 1.

rtr¢(z s,a+r),

Proof. Under the conditions |z| < e™*,|t| < e ™ Vx € (0,), consider the Euler type integral
formula due to ([3], [7] [10])

Purpy (3250 = o5 [ x5 e (@ 1,85y ze T, te ) dx, (26)
provided that R(s) > 0,R(a) > 0,a,5 € C,y € C\ Z;.

Next, make an appeal to the relation [12, Srivastava and Manocha p. 54], we may write

L —x —x (1—te )~ g (5 )r ¢ e "X
Fl (0(, 1'3 o ze T, te ) - (1—ze™*) - Zr‘ r! (1—ze—x)
provided that |z| < e™,|t| < e™ Vx € (0,2),8 € C,a € C\ Zg. (27)

Now under the conditions given in (26)-(27), multiply by %xs‘le‘“" in both sides of Eqgn. (27),
and then integrate these sides with respect to x from 0 to oo, to get

_ _ (ﬁ )r _ —(r+a)x
5 fo xSle ™ F (a,1,B; a;ze ™™, te ™ )dx = {Zr L o—Lt" F(s)f x$ 1(61_Ze_x) dx}. (28)
Finally, use the formulae (4) and (26) in Eqgn. (28), under the conditions |z| < 1,|t| < 1, and R(s) >
0,R(a) >0, € C,a € C\ Zy, to get

barpy(z25,0) =P(zs,a) + X721 —+
Therefore, the Theorem B is followed.

(ﬁ) LT (25, a + 7). (29)

4.Concluding Remarks

Analytic continuation formula of zeta function often succeeds in defining further values of a function,
for example in a new region where an infinite series representation in terms of which it is initially
defined becomes divergent. Due to step-wise continuation technique this paper work is useful in
analytic number theory [1]. We have considered double zeta functions (1) and (5) and their
generalizations. Various properties and similar other zeta functions have been studied in [2] and
[3].0n specialization of some parameters in these double zeta functions, in Section 1, we have
evaluated their relations with known and unknown zeta functions. Section 2 consists of their
functional equations and in Section 3, we have evaluated relations with Bernoulli polynomials. The
connection of the Riemann zeta function to the Bernoulli numbers and polynomials is important from the point of
view of applications. In section 4, we obtain analytic continuation formulae of double zeta functions (1)
and (5).
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Abstract

The main objective of this paper is to introduce an extension of the t - Gauss
Hypergeometric function 3R%(z) which is obtained in terms of an extended
version of the pochhammer symbol using the extended Beta function contains
extra parameters and investigate its various properties such as integral
representations, derivative formula, Mellin transform, and fractional calculus
operators.
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1. Introduction

Definition 1.1([12]) Let a function ©({k;};en,; z) be analytic within the disk |z] < R(0 <
R < 1) and let its Taylor-Maclaurin coefficients be explicitly denoted by the sequence
{ki}ien,- Suppose also that the function @({kl}leNO;z) can be continued analytically in the
right halfplane R(z) > 0 with the asymptotic property given as follows:

Zl
Yo {kl}ﬁ (JzZ] <K R0 <R < 05 ky = 1)

O({ki}ieny; 2) =
(th ey 2) Moz" expitz) [1+0 (5)| (R(z) - oMy > 0w € ©)

(1)
for some suitable constants M, and w depending essentially on the sequence {k;}cy,. They

also defined extended Gamma function F;kl}(z) and the extended Beta function.

) = [ e-1g ({kz}: —t— g) dt, (R(p) >0,%(z) >0) )

and

1

t* 11 -t)f1e ({kz}i t(l_ I_O t)) dt

(R(@P)=0,m (R(a),R(PB))>0).

By (e, B3 p) = J

0

(3)

By introducing one additional parameter g with R(q) > 0, another extension of Beta
function was introduced as :

{kei} — (! a1 -1 ._b__4
By (@.B) = Jy t*7 (1~ 010 (ki =2~ 515) de

m - (R(p),R(Q@) >0m  (R(a),R(B)) > 0.

(4)

During the past few decades, various extensions and generalizations of well-known special
functions have been studied by various researchers [3,6-8]. Chaudhry et.al. also defined a 2-
parameter extension of gamma function I'(§) with the parameter (p &v) in [3] as follow :

2 00 3 —t ]
L (Eip) = \/% 7t ze Kyt (B)dt (m  (®R@)R®)>0:¢€0) )
I, (§) (v =0;R() >0)

where k,(z) is the modified Bessel function of order v and I}, (§) was studied in [3]. Indeed
if v = 0 in (4) and make use of the following relationship

) = [re, ©
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then the above-extended Gamma function can be given as :

L) = J; e e R(p) > 0,R(E) > 0). @)

In the year 2012, Srivastava et.al. [11] defined the following extensions and generalization of
the pochhammer symbols as follow:

I'p(§+p) .
(&nh:{7§7-(m@)>aaue©, @
©u  P=0uec\ {0}
I'y(§+up) .
(&nm#=f75—-ommwmmwn>0f#ecx o)
2P (v=0;$,ueC\{0})

from (4) and (8), they get

Gnmlrwj_ftW”%;éwt (10)
=g | e (1)

By using (8), an extension of generalized hypergeometric function [12] ,F, was defined as :

PPV P23 s Py | oo P10 lpp), 27
yZ| = Zn 0 _';
(Ul)n(az)n ------ (O-q)n n: (12)
where p; €C(j=12,..p) ¢ €C\Zy(j=12..9).

Virchenko et al.[14] studied the following 7-Gauss hypergeometric function ,R{z defined
as:

L T(8) O (6,18, +n7) 2"
a ()4 T +n) n!’ (13)

{t > 0;]z] < 1;R(63) > R(5,) > 0 when |z| = 1}.

2Riz = 2R1{01, 87; 03; 7T, z}

They also derive the following integral representation :

2R1(51:52; 53;1', Z) = ! t‘52 1(1 t)53—52—1(1 _ ZtT)_‘Sldt

B(82,63— 52)f (14)
(t > 0;|arg®l — z)| < m;R(63) > R(5,) > 0)

in terms of classical Beta function B(a, ) defined as
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U1 - 0f="dt  (m(R(@), R(B)) > 0)

B(a,B) = r@re) _ (15)
Teih (a,B € C/Zy)

2. Main Results

Motivated mainly by investigations of the extended t - Gauss hypergeometric function
defined earlier by Srivastava et.al. [13], we introduce the extended t-hypergeometric
function. The provided result are new and have a unique property.

2.1. Extended t-Gauss Hypergeometric Function

The extended 7-Gauss hypergeometric function as follow :

3R§kl}[(5li p), 82, 83; 84, 65, T; Z, iy, 3]
= (5.p) i Bé’;sz(sz +nt, 64 — 62)B,f’1‘sz(63 + nt, 85 — Sg)z
v =0 B(63,64 — 6,)B(83,65 — 63) n!’

(p>0,7>0,]2] <1,R(S5) > R(62),R(8,) > R(83) >0,m  (R(w), R(up)) > 0)

(16)

3. Integral Representation and Derivative formula

In this section, we obtain integral representation and derivative formula for 3Rg‘l}(r, z) as
givenin (16) :

Theorem 3.1. The following integral representation for 3R§kl}(r, z) in (16) holds true:

3R§kl} [(611 p); 621 63) 641 65! Tz, )uli ‘le]
1 1
— 6p,—1 _ §4—067—1 . {kl} . . . T
B(Sz, 54 _ 52) J;) t (1 t) 2R1 [(611 p)' 63' 65'7'-! zt » U1, MZ]dt' (17)
7> 0,R(p) > 0,R(85) > R(8,) > 0,R(5,) > R(63) >0whenp =0,m  (R(uy), R(wy)) > 0)
Proof: Using (16) and considering the following elementary identity for the beta function

(

1
ft“—l(l—t)ﬁ=“dt
B(a,B) =\

I'(a)I'(B)
['(a+p)

then we arrive at
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k
3R{ l}[(51'p) 82,83 84, 85, T; 2, Wy, U]

_ 1 T@s) I(63+nt) {kl} i
= B(85.5,—07) F(63)Zn 0 ( P )n T'(85+n7) #1 #2(62 + nr, 64 62) o

1 I'(8s) 2510—0 (81’p)nr(53+m') . fo 02 tnT— 1(1 _ t)54—52—1 ) ({kl}’_“_l _ 1“ )dti
1

= B(82,04—35)T(03) T (8s+n7) Iy
1 I'(ds)

t
F@3+n7) (1 §)4nt—179 _ 4\84—0,—12" M1 M2
= 56 Ten 2nm0 CuPhntg ol ¢ (I—™ 25 dt'g({kl} a— t)

Next interchanging the order of integration and summation that is permissible

_ 1 ! . =5y I'(63 +nt) (zt")" Mo M2
‘3(52,54—52)f0 AN 1{“53)2(1' PTG vnr)  nl O (U~ =12

—5— k
- t)54 821, ZRi l}[(61;p),63;65,T;Zt‘[,ﬂ1,ﬂ2]dt

=———— | %2711
3(52,54—52)f0 (

This completes the proof.

Theorem 3.2. The following derivative formula for 3R§kl}(r, z) in (16) holds true:

d\" - T
(d_Z) I:Z:(J,S4 1R§kl}[(6l;p)162;63;64'65;1-; vz 1#1;”2]]

_ 264—11—11—-(54)
F(54—Tl)

(18)
sREV(815P), 62, 833 84 — m, 85,1077, g, b )

Proof: By using the series representation of 3R§kl}(r,z), We introduce the extended t
hypergeometric fucntion as follow :
— k
[264 ! 3R§ l}[(51ip),52'53i54'55;fi VZT,.UL.UZ]]

41 i (813 P)m (8, + mO)T (83 + MOT ()T (S5) (vz)™
['(64 + m)T (65 + m1)T(5,)T(53) m!

F(54)F(55) Z (61;P)m (62 + mD)T(63 + mr) v™

,Batmr—1) _&_ Ha
F(52)F(53) ['(64 + mo)I'(65 + mt) m! B ({kl} )

1-t
Now differentiating term by term under the sign of summation, we have:

CTEII(s) X i p)nl (82 + mOI(S; + mr) v™

(64+mr -n-— 1)@({kl} _ﬂ_ M2 )

- I‘(SZ)F(é‘g) F(64 + mt —n)I'(6s + mrt) m! 1-—t
e F(54)F(55) (61;P)m I'(62 + mT)T (63 + mr) ({k y __1 K )
F(é‘z)[‘(63) I'(64 + mt —n)I'(65 + mt1) ! 1-t
_ 64 n— 11—‘(54)

F(64 — Tl) 3R§kl}[(51; p)’ 62' 53; 64- -n, 55; T; UZT' Ui, l’lZ]

This completes the proof.
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4. Mellin transform of the function 3R§kl}(r, z)

The Mellin transform of a function f(x) is defined by

(0]

M[f(x):s] = F(s) = f xS7If(x)dx (s €C)

0

provided that the improper integral in the above equation exists.

Theorem 4.1. The Mellin transform of the extended t-Gauss hypergeometric function
3R§kl}(r, z) defined in (16) is given by

M| sRYVIS1p), 82,855 84,85, 2,11, 121 5| = T(S)(81)s sREVI(O + 5,62, 635 64, 05,73 2,1, i)
(where R(s) > 0and R(8; +s) > 0whenp = 0,m  (R(uy), R(wy)) > 0) (19)
Proof :

M sRYECI(1; 1), 65 855 84,85, 2,11, i1 ): 5

B N G R o X Rl
0 v g B(8,,84 — 62)B(683,85 — 83) n!
= i B B2 + 7084 = 8By (8 e 85— b) 2" ps1(6y, p)ndp
B(82, 64 — 62)B(83, 85 — 83) nl J v

n=0
i B (8, + 17,8, — 8)BY (85 + nt, 85 — 65) ifoo (8 1)
B(8,,84 — 6,)B(683, 85 — 83) n! J, I'(61)

Using result fooops‘ll“p (6, + n)dp =T'(6; + s + n)I'(s)

_ i Burh, (82 + 17,6, = 8B (85 + 7,65 = 83) 2" (8, + 5 + mI(s)
) B(62,64 — 62)B(83, 85 — 63) n! r'e:)

Now using I'(6; + s + n) = (61),(61 + 5),T'(51), we get

© k) {ki}
B &, + nt, 84 — 6,)B O3 + nt, s — 83) z"
= 'ul,'uz( z i 2) 'ul“uZ( 3 > 3)2_(61)5(61 + S)TIF(S)
EO: B(85,84 — 6,)B(83,65 — 63) n
n:

— (8)),T(s) i (81 + )uBEY (8 + 17,84 — 8,)BY) (83 +nt, 85 — 63) 2

= (81)sT(s)sR¥B[(8, + 5), 82, 83; 84, 85, T; 2, i1, 1]

This completes the proof.
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5. Fractional Calculus Approach

The Riemann-Liouville left-sided fractional calculus operators IS, and D&, of order «
defined by [10]

G = olf =1l -0 (@©dt, (x> a),

is called the Riemann-Liouville left-sided fractional integral of order «.

1 (d)" X f(Hdt

a — a _ —_ A
Da+f(x) an (n_a) dx . (t_x)a_n_;’_ll

(n=[a] +1),

is called the left-sided Riemann-Liouville derivative of order a. In this section, we consider
the fractional differintegral operators containing extended t Gauss hypergeometric function.

Theorem 5.1. Let UER,, SO ,a b 83 04 05 vEC and
R(a) > 0,R(5,) >0, min(iR(ul),iR(uz)) > 0 and R(t) > 0 then for x > u the following
results holds true:

_ k
e [ =)ot 3R§ ”[(51,19): 87,635 64, 05; T, v (t — #)T'IJL.UZ]] ()

_ (e=p)04raTIT(sy)
- T(84+a)

(20)

3RV [(81,), 62, 833 64 + @, 857, v (x = )7,y ko]

Proof : By using the series representation of extended t Gauss hypergeometric function
3R§kl}(r, z) as given by and interchanging the order of integration and summation we have

L'+ [(t — )t 3R§kl}[(51lp): 62,03; 04,05, T, v(t — W)t z, ll1;ll2]] (x)

i (6,,1),B*8 (8, + nt,8, — 8,)B¥? (85 + nt, 8 — 85) vm
n=0

ELE2 FLi2 64tnt—1
— ] — 4
B(8,, 05 — 6,)B (83,05 — 03) w8 () [€5)

now for x > p, taking the power function formula into account :

IS (x—a)f ™t = ﬂ(x —a)**1, (a,f €C,R(a) >0and R(B) >0

B ['(a+0)

then we have

_ (= wrTII(S)
B F(54 + Qf)

3R§k1}[(51’p)’ 85,0833 04 + a, 85; T, v(x — W)%; Uy, U]

This completes the proof.
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»
»

Theorem 5.2.Let u € R, 81, @, 82,083,804, 05, v € Cand R(a) > 0,R(54) > 0 and R(r) > 0,
min(R (1), R(uy)) > 0 then for x > p the following results holds true:

e [(t — p)dat 3R£kl}[(51»p)» 82,03; 84,65, T, v(t — W)°, Wy, pz]| (x)

_ (e=p)04mOTIT(8y)
- r(64—a)

3Ry [(81,), 82,83; 84 = ,85; 7,0 (x = )", i1,z
(21)

Proof : By using series representation given by (16) and using the following relation
a d " n—a
Dff(x) = (@) (% f)(x) (@€ Ca>0,n=][a]+1)

then we have :

o= e SREVIGL ), 82,6584, 85 v = w7 ]| @)

d n
= () [ (=% SREVI )82 8564, 8570 = 1)t 2] O

(Y (= sy
_<E> ( (6, +n—a)

3R§kl}[(61) p); 62: 63! 64 +n-— a, 65’ T, U(x - 'u)T’ 'ul"u2]>

Now by using the result given in (20), we get

(x = W) 'I(8)
=G R 00, 82,65 8, — w85 T v(x — WYk )

6. Concluding Remarks

In the present paper, we derive a new extended 7 Gauss -hypergeometric function

3R§k’}(r, z). Our results are motivated mainly by investigations of the t-gauss
hypergeometric function and its extension. We obtained certain integral representation, a
derivative formula, Mellin transform, and fractional calculus approach of this new extended
T-hypergeometric function 3R§kl}(r, 7). The provided results are new and have uniqueness
identity in the literature and this study can be further extended in the field of g-Calculus
theory [1,4 — 5].
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Abstract:

Regular and chaotic planar motion of an Earth satellite investigated with qualitative analysis.
The model for the satellite,influenced by solar radiation pressure, described for the planar
oscillations by using concepts of Beletskii. The autonomous part of motion part of the motion
utilized to study qualitative behavior. Satellite’s oscillations observed for cases when
radiation is not influencing it as well as when it is influencing it. Emergence of chaos
observed through time series, surface of sections and Poincaré maps. Lyapunov exponents
calculated for different cases for clear identification of regular and chaotic motion of the
satellite. Finally, a brief analysis of the investigation presented in the discussion.

1. Introduction:

Investigations on the motion of a satellite becomes interesting after publications of pioneer
works, [1- 5]. These articles mostly described motion of natural satellite influenced by
different forces, e.g. tidal and magnetic forces,and also motions of satellites around planets of
irregular shape, e.g. Hyperion and some other satellites of Saturn. Cause of regular and
chaotic motions also discussed widely. The problems of resonance capture due to various
disturbing forces investigated also, [2, 6 — 7]. Use of Melnikov’s integral, [8], in studying the
spin-orbit-coupling problem of a satellite when tidal force is in action also evolved significant
results, [9].1t has been shown that tidal parameter plays an important role in changing the
satellite motion from regular to irregular and vice-versa in regards to some satellite, e.g.
satellitesAmalthea, 1980S27etc. Periodic variations of tidal and magnetic parameters may
sometimes act like Chaos controllerdiscussed in some recent articles [10 - 11]. Influence of
radiation pressure on Earth satellite is of growing interest viewing the recent researches on
motion of such objects and draw significant interest to researchers of celestial mechanics. A
recent work on this regard, [12], encouraged to carry study forward more investigations in
this direction. The most effective tool for Identifications of chaotic and regular motion is
Lyapunov characteristic exponents, (LCE), and at any stage if LCE < 0, the motion is
identifies as regular and if LCE > 0 then the motion is chaotic. Actually, LCEs measure the
exponential divergence of orbits that started very closely. Some of the powerful articles
describing the methodology of calculation of LCEs are to be noted in this regard, [13-15].
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The objective of the present investigation is to study extensively the influence of radiation
pressure on the planar motion of a satellite orbiting in elliptical orbit. Steady state solutions
for the autonomous part of the motion calculated and their stability criteria obtained. Regular
and chaotic motions of satellite studied by taking into account no influence of radiation
pressure as well as its influence on the motion. In the process of study, time series curves,
surfaces of section and Poincaré maps drawn for different parameter spaces. For clear
identification of regular and chaotic motions, Lyapunov characteristic exponents, LCEs,
calculated numerically and represented graphically.

2. Equations of Motion:

Consider a rigid triaxial satellite moving in an elliptic orbit, of semi-major axis a and
eccentricity e, around the earth under the influence of Solar radiation pressure F = F4 (1- q),
F, is the Solar gravitational attraction force and 0 < 1 —q « 1.Principal moments of inertia
are such that A < B < C, where C considered about the spin axis which is one of the principal
axes. The torque to the solar radiation pressure is assumed to be perpendicular to the orbital
plane. The centre of resultant radiation pressure lies on x — axis as assumed in Maciejewski [
], Figure 1.

S
re

x-axis

% Sun
0

Satellite

y-axis

a %)
O (Focus)

Earth

Figure 1: Motion of the Satellite Around the Earth

Let r be the instantaneous radius,o be the true anomaly and ¢be the orientation of the
satellite’s long axis. Then, ¢—a= 0, provides the measure of orientation of the satellite’s long
axis relative to its radius vector.The equation of motion of satellite’s planar oscillation is
given by

d?¢ _ n? . o
7z "33 sin2(¢—a) + € sin ¢= O, (@8]
where n? = @ and e is proportional to solar radiation torque.

Taking ¢—a=6,2 8 = q, é =1 + e cos a, and changing the independent variable t with «, a
simplified form of the equation (1), [Bhatnagar et al ], obtained as
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d?%q . dq 2.:
+ -t 4+
(1 +ecos oc)‘m2 2e sin a.—+n”sing

+2e(1 + ecosa)3sin (a + %) —4 esina=0, (2)
Autonomous part of equation (2) provides
2
2L +n¥sing =0. 3)

The Hamiltonian corresponding to motion (3) is then obtained as

H(. p) = Z-- n? cos g

dq . .
where, p = ﬁ is the generalized momenta.

Equilibrium points corresponding to this Hamiltonian are given by (£ 7 , 0) and are of
hyperbolic type, i. e. are saddle points. As these are not stable points, motion initiating near
these points may not be stable. This implies motions originated in the neighborhood of these
hyperbolic points are unstable and could be chaotic. Thus for chaotic oscillations of the
satellite values of the system parameters as well as the initial points both are important. We
study such motions in the following section.

3. Dynamics of Satellite Motion:Numerical Studies

An equivalent representation of the second order equation of motion (2) is
dq _
da =Y

jy =[2esina y— n?sing—2¢€e(1 + ecosa) 3 sin (a+—) +4 esina]/ (1 +ecos

).

(4)
To investigate oscillatory motion of the satellite taking into account various initial points,
some are far from the hyperbolic points and some are in the neighborhood of it. Thus, for
numerical calculations following initial conditions are chosen: (qo, , po ) = (0, 0), (0.5,0.5),
(2.8,0.1) & (3.8, 0.5). We proceed our studies for following two cases:

Case 1: When solar radiation pressureis not taken into account, i. e. when € = 0:

As in this case solar radiation pressure is not influencing the motion of the satellite, the
parameters influencing motion are eccentricity e of the orbit and the n, the gravitational
parameter.Therefore, takingn? = 0.1 and e = 0.05, we have solved equations (4), numerically
with above mentioned initial conditions and obtained time series plots, Figure 1,

time series

10F
0.5
LI T
_:| s B
-19k

=032

504 'I:| 540 431 E:I 600 3003203403603 30400420 440 -1.0

t—¥ t—

Figure 2: Time series curves (above) and phase plot for e = 0, e = 0.05, n? = 0.1 and initial
conditions (0, 0).

For e = 0, e = 0.05, n? = 0.1 and with four different initial conditions surface of sections and
Poincaré maps are drawn and shown in Figure 3. One finds, motions started near hyperbolic
equilibrium show chaos whereas that started far are regular. Cases (a), (b) are regular and (c),
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(d) are chaotic. However, when eccentricity, e, increased to 0.15 motions are entirely chaos,
Figure 4.

(a): Poincare Map
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(c): Surface of Section (c): Poincare Map

T T T T T LMY ¥ U B T T

04}
e . .03 4‘.
DRI RAG

(d): Poincare Map
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Figure 3: Surfaces of Section and Poincare Maps when e = 0, e = 0.05, n? = 0.1 and for
different sets of initials initial conditions(qgo, po)= (0, 0), (0.5, 0.5), (2.8, 0.1) and (3.8, 0.05).
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(a): Poincare Map (b): Poincare Map
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Figure 4: Poincare Maps for € = 0, e = 0.15, n? = 0.1 and initial conditions (qo, po) = (0, 0),
(0.5, 0.5), (2.8, 0.1) and (3.8, 0.05).

(a) When solar radiation is not taken into account, i. e. when € # 0

In this case solar radiation pressure is actively influencing the motion of the satellite. With
same initial conditions,(do, po) = (0, 0), (0.5, 0.5), (2.8, 0.1) and (3.8, 0.05), and fore =0.1, e
=0.05, n? = 0.1. Surface of sections and Poincaré maps are drawn as shown in Figure 5. We
find in case (a), again, Poincaré map is a dotted closed curve indication quasiperiodic regular
motion. However, for other cases Poincaré maps are randomly distributed dots indication
chaotic motion. One also finds various islands within the chaotic regime. These may
correspond to the periodic windows that appears during bifurcations within chaos.

When the value of the eccentricity increased to 0.15, keeping radiation parameter and that of
gravitation same radiation parameter, one finds chaotic oscillations in all cases, Figure 6.

In Figure 7, plots of Lyapunov exponents presented under different initial conditions. For
some cases solar radiation pressure is nil and for some cases it is influencing the motion.
These are indicated in each of the plots. Value of eccentricity, e, are also cited. The plots
below the zero line stand for regularity and those abouve zero line stand for chaos.
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Figure 5: Poincare Maps for e = 0.1, e = 0.05, n? = 0.1 and initial conditions (qo, po) = (0, 0),
(0.5, 0.5), (2.8, 0.1) and (3.8, 0.05).
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Figure 6: Poincare Maps for € = 0.1, e = 0.15, n? = 0.1 and initial conditions (qo, po) = (0, 0),
(0.5, 0.5), (2.8, 0.1) and (3.8, 0.05).
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Figure 7: LCE plots when n®=0.1 and for (a) e=0.0,e=0.05; (b) e=0.0,e=0.15

4. Conclusions:
Influence of solar radiation and that of eccentricity orbits, both, are influencing the planar
motion of the satellite to cause chaotic and regular oscillations of the satellite moving in
elliptical orbit around the Earth. These facts explained through various plots. Higher values
of the radiation parametere, is more responsible to cause chaos.

Other forces, like tidal torque, atmospheric drag etc. also influence the satellite’s motion
which are not in consideration in this study. Such effects may be considered in future studies.

References

1. P. Goldreich, S. Peale (1966): Spin orbit coupling in the solar system. Astron. J.,71:
425-438.

2. J.Laskar, P.Robutel(1993): The chaotic obliquity of the planets.Nature., 361: 608—
612.



47 |

GANITA SANDESH, Vol. 32 (June & December, 2018)

10.

11.

12.

13.

14.

15.

V.V.Beletskii , M.L. Pivovarov, E.L. Starostin(1996): Regular and chaotic motion in
applied dynamics of a rigid body.Chaos, 6(2):155C166 .

J. Wisdom (1987). Rotational Dynamics of Irregularly Shaped Natural Satellites. A
J., 94, 1350-60.

J. Wisdom, S. J. Peale, F. Mignard (1984). The Chaotic Rotation of Hyperion Icarus,
58, 137-152

L.Ciotti , G. Giampieri(1998): Motion of a rigid body in a tidal field.Celestial Mech.,
68:313-334.

R. B. Singh, V. G. Demin (1972). About the Motion of a Heavy Flexible String
Attached to the Satellite in the Central Field of Attraction Celest. Mech. &Dyn.
Astron., 6(3), 268-277.

V.K. Melnikov(1963): On the stability of the center for time-periodic
perturbations.Trans. Mosc. Math. Soc., 12:3-52.

A. Khan, R. Sharma, L. M. Saha (1998). Chaotic Motion of an Ellipsoidal Satellite I.
Astron. J., 116, 2058-66.

R.Lima, M.Pettini(1990): Suppression of chaos by resonant parametric perturbations.
Phys. Rev.A.,41:726.

S. Rajasekar(1993): Controlling of chaos by weak periodic perturbations in
DuffingCvan der Pol oscillator. Pramana J of Physics,41:2951309.

K. B. Bhatnagar, Ayub Khan and L. M. Saha (1994): Non-linear planar oscillation of
a satellite in elliptical orbit under the influence of solar radiation pressure — I & I1.
Bull. Astr. Soc. India, 22: pp47 —58; & pp 275 — 290.

G. Benettin, L. Galgani, A. Giorgilli, J.M. Strelcyn (1980): Lyapunov Characteristic
Exponents for smooth dynamical systems and for Hamiltonian systems; a method for
computing all of them. Part 1 & 2: Theory, Meccanica, 15, 9-30.

P. Grassberger and ItamarProcaccia (1983). "Measuring the Strangeness of Strange
Attractors”. Physica D: Nonlinear Phenomena 9 (1-2): 189-208.

P. Grassberger and ItamarProcaccia (1983). "Characterization of Strange

Attractors”. Physical Review Letters 50 (5): 346-349.



48 | Ganita Sandesh Vol. 32 (June & December, 2018) pp. 48-55 ISSN : 0970-9169
©Rajasthan Ganita Parishad, 2018

Some finite Integrals involving the generalized Legendre’s associated
function, the generalized polynomials and the Aleph function

R P Sharma

Department of Mathematics
Govt. Engineering College, Ajmer-305025, Rajasthan, India

E-mail: drrpsharma@yahoo.com
ABSTRACT:The aim of this paper is to first evaluate a basic finite integral involving the
products of the generalized Legendre’s associated function Py("'l3 and the Aleph function.

Further we evaluate two more general integrals involving the products ofP;""B, the
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integrals are believed to be new and reduce to a large number of simple integrals lying
scattered in the literature. We mention here two special cases of the second integral which are
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1. Introduction and Preliminaries

The Aleph function introduced by Saxena and Pogany [7, 8] will be define and represented in
the following manner:

@i, Ay yeafri(@, Al

1’7717 Ln IV An+Lp, 1 _
N[z]=8M" 1z L= QMmN (€)z SdE ...
pilqiv‘tirr (bJ,BJ)llm,...,[TJ(bJ,BJ)]m+1,ql 27'[0) pi1qi7ti1r

(1.1)

for all z =0 ,where ®=+/-1and

m n
j= j=

Qm,’gi T ;r(g): r

Pi g; P;
i=1  j=m+l j=n+1

(1.2)

The integration path L = LmOO .Y € R extends from y—wootoy+moo, and is such that the
poles of T'(1 -, —Ajﬁ),j =1,n (the symbol 1,n is used for1,2,---,n) do not coincide with the
poles of I'(b it B jﬁ) j=1,m. The parameters p; g;are non-negative integers satisfying the

condition 0<n<p,,1<m<gq; ,t; > Ofori=1r. The parameters A;BjA :

ji,Bj. >0and
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a; b, i @jis b ji € C. An empty product in (1.2) is interpreted as unity. The existence

condltlons for the defining integral (1.1) are given below

. _
®,>0, |arg(z)|<§q>f, (=1r

1.3)
¢,20, |arg(Z)|<g(pf and R{C,}+1<0,...(1.4)
where
P, a,

zA +ZB—rﬁ > A+ X By, ... (1.5)

j=1 j=1 j=n+1 j=m+1

m n a, P, 1 .
Ce=Xbj—Xaj+r,) X by - X aj |+, -q,), (=L ... (1.6)

=1 =1 j=m+1 j=n+1

Remark 1.1: For t; =1,i =1,r in (1.1), we get the 1—function due to Saxena[6], defined in
the following manner
e pgegmn |y o1 P @A

g 1; ,

P;d;;r p;.q;.Lir P a1 (bj'Bj)l,m""’[l(bj’Bj)]m+1,qi

MO E (L)

where the kernel QM (&) is given in (1.2). The existence conditions for the integral in

p q dir
(1.7) are the same as given in (1.3)-(1.6) witht; =1,i =1r.
Remark 1.2: If we put r=1 in (1.7) then it reduces to the familiar H -function [4,12]

HM 7] = [2- Wl L amn @zt s
Moy, 1A= Nplg 1 (by:By) | 270 =PI Lo

where the kernel Qm g 1 l(é) can be obtained from (1.2).

Also, the generalized polynomlalsS lm [X, ---X¢] occurring here in will be defined and

represented in the following form which differs slightly from that given by Srivastava
[10,p.185,eqn.(7)]

" Ns
m.,...m [“TJ [”ﬂ (_nl)m k (_ns)m k K
S L S[Xl...x ]: z Z | ss A[n]’kl; =N ’k ]X X s
My My  k=ok.=0 k! K! T i
...(1.9)

where n, =0,1,2,...; m; #0 [i=1,..,s], m;isan arbitrary positive integer and the

coefficients Aln,,K,;---;n , Kk ]are arbitrary constants ,real or complex.
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..... m

If we take s =1in the equation (1.9) the generalized polynomials Snm‘ m [X, -+~ %] reduce
1 S

to the well knowngeneral class of polynomials Snm[x] introduced by Srivastava [11,p.1, egn
D1

Finally, the generalized Legendre’s associated function P;"B (x) [5,p.560,eqn.(3);

2,p.81,eqn.(1.1)]Joccurring in this paper will be define and represented as follows:

" 1+ x)P/2 _ _ 1—
P ’B(x)z(l_:):/;()r(l_a) 2F1[y—°‘TB+1,—y—“2B;1—a; 2’? .(1.10)

where B andy are unrestricted and o is not a positive integer . Further details about this
function including its particular cases can be found in the paper of Kuipers et al.[3].

2.Main Integrals
First integral
1

[xP71 (1=x)°1 (1+x)7P/2 PP (x)N[zx! (1-x)1dx
0

. (v—°°;B+1)t(—y—°‘;ﬁ>t

>
t=0 2 r(l-a+t)

o
(2 i (l_p’u)'(l_G+E_t’v)’(aj'Aj)1,n""’[Tj(aj’Aj)]nH,pi o

pi+2,qi+1,ri;r (0

The integral (2.1) is valid under the following conditions
(i) a is not a positive integer,
u=0,v=0.

(ii) Re(p)+u max {L(bi)} 0,

1<j<m| B;

Re(o —4)+Vv max [Rg(b")} > 0.

1< j<m i

Second integral:
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51|
| elxul (1-x)"
P a=x)° ! () PR peP s s N[zx" (1-x)¥]dx
o] IR s
esxus (1-x)"s
n1 ns k
s _ o o
z {m‘} {m} s (N)m i & |- zB+l)t(_'Y_2B)t
= Z Z z A[n]’kl;...;nS'ks I t
t=0k, =0 k,=0 1 Kk 2't T(1- o +1)
a
M, n+2 (l_p_ulkl_"'_Usks,u),(l—0+E—t—vlkl—---—vsks,v),
pi+2,qi+1,ri;r z b b
( j’Bj)],m’.“’[Tj( j’Bj)]m-l-],qi’
(aj’Aj)l,n""’[Tj(aj’Aj)]n+l,pi
a
(1=p—o+—t=(u+Vky == (Ug + VoK, u+V)

(22

The integral (2.2) is valid under the following conditions
(i) a is not a positive integer,

u=0,v=0; uj ZO,VJ- >0,5=1,....s.

(i) Re(p)+u max {_Re(bj)} 0,

1<j<m| B;

Re(o —4%)+Vv max [_Re(b")} > 0.

1<jsml B

Third integral:
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e, (1-x)"1 (1+x)"

+1 m,..m_|. u v
I(l—x)p(l+x)GP3'B(X)Sn1' m | Nz (=07 (x0T
! Lol s
es(1-)" (1+%)"
nl} ns}
2p+G+B_Ta+1 w | M, m, _;l(uj+vj)kj
_ .. 2= An,k;' ;n ’k
rd-ou) Eokl:o kzio ek ) S]
n. e j _(X_B 1 _ _L_B
s ( J)mjk i | 5 +1) =y 5 )t
i kj! (I-a), t
p
M N+2 2 P tuky =gk U), (Fo =D vk == vk, V),
p,+2,q,+Lt,;r
(bj,Bj)llm,...,[Tj(bj,Bj)]m+1,qi’
(aj;Aj)l,nl--'l[Tj(aj’Aj)]n+1,pi
(_p_G_B—Toc_t_l_(ulJrvl)kl_..._(uS+vS)kS, u+v)
..(2.3)

The integral (2.3) is valid under the following conditions
(i) o is not a positive integer,

u>0,v=0; U; 20,vj >0,j=1,...,s.

. . ~Re(b;)
(||)Re(1+p—5)+umax[ 5 }>O,

1< j<m i

Re(l+o+%) + v max [‘Rg‘b”}o.

1<j<m i

Proofs: To establish the integral (2.1), we first express the generalized Legendre’s associated
function occurring in its left hand side in terms of , F, with the help of (1.10) and the Aleph
function in terms of Mellin-Barnes contour integral by (1.1), Now we interchange the order
of X and & integrals (which is permissible under the conditions stated with (2.1)) in the
result thus obtained and get after a little simplification the left hand side of (2.1) (say A) as
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1 ! & g PUE —%_vE-]
A= e m,n € p—ué-1 1— c—9
I'(l-a) 2no I'-Qlﬂilqi,ti;lr(é)z {({X (1-x)
o-p a-B, 1-X
2F1{Y— > +1,-y- 3 ,l—oc,—2 }dx}di ...(2.4)

on evaluating the X-integral occurring on the right hand side of (2.4) with the help of a
known result [9,p. 60,eqn.(2.16(ii))] and expressing the function ,F,so obtained in terms of
series and interchanging the order of summations and integrations (which is permissible under

the conditions stated with(2.1)),the equation (2.4)takes the following form after a little
simplification

-B oa—B o
=T () [(p—ug) (o~ +t—VE)
a=3 20 2 el gmn ) 2 Ty --(25)
t=0 2t rl-—o+t) 2mew PGyl F(p+c—g+t—(u +V)E)
2

Finally, on reinterpreting the multiple Mellin-Barnes contour integral occurring in the right
hand side of (2.5) in terms of the Aleph function, we easily arrive at the desired result (2.1).

To prove (2.2), we first express the generalized polynomials S;nl """ s [x; %]

| S
occurring in the left hand side of (2.2) in series form with the help of (1.3) and then
interchange the order of summations and integration (which is permissible under the
conditions stated with (2.2)).Now on evaluating the integral so obtained with the help of the
integral (2.1), we easily obtain the desired result (2.2).

To evaluate the integral (2.3), we make use of the following integral

B-a
" P LA ARE R 7 BPCL or B 10
Ja=x)P (14+)° PP (x) dx = 2 2
-1 F(l—oc)F(2+p+G+B2a)
oa—-f oa—f o
Y- +1,-y—1+p——;1
3F2 2 B_i 2
l-a,2+p+0+ ;
P 2
...(2.6)

where a is not a positive integer, Re(1+p — %) >0,Re(l1+c+ %) > 0 and proceed in a manner
similar to that given earlier in proofs of (2.1)and (2.2).

3. Special Cases
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[i] If we reduceS Mg occurrmg in(2.2) to Laguerre polynomials Le

[1,p.999,eqn.(8.704); 13,p.159,eqn.(1.8)]. We arrive at the following mtegral after a little
simplification

ij L—x) " 1+ x)~%2 P“(x)|_ e, x (1-x)"1 1Nz x" (1 -x)¥]dx
0

o 01, +0) & ) (4D ()
=X ¥
t=0k, =0\ Ny J(0+1), k!2'"T(1-a+1)
1

M. n+2 (I-p-uk,,u),(1- c+5—t vk V), @A) e [rj(aj,Aj)]nJeri

P, +2,q;+L1,;

a
(bj'Bj)l,m"“’[rj(bj’Bj)]m+1,qi ,(1—p—0+5—t—(u1+v1)kl,u+v)

3.1)

The conditions of existence of (3.1) can be easily obtained with the help of the conditions
stated with (2.2).

(i) If we put T =1i =1,rin (2.2), we arrive at the following result in the term of I-function
[6]

u \
e, x ! (1-x)"!

1
PP (=% (1) P2 PP s ™ 2x 1)V Tox
0 1 s
s (1-x) s
e X (
nl nS K
_ o o

Jml} {ms s (N &7 |- 2B+1)t(_y_2B)t
= Z z Z A[nl,kl;...;ns’ks] H 1) t
=0k, =0 k=0 o Kk 2 D1 - o+ t)
[M,N+2 Z(l_p_ulkl_”' sKgo 1), (1= 0+5—t vk == vk, V),
p,+2,q;,+1;r

(0,81 -+ [0.Blin1q.

(aj’Aj)l,n""’[(aj’Aj)]n+1,p.

1-p- c+5—t—(u + VK, == (ug + VK, U+ V)
...(3.2)
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4. Conclusion

| emphasized on some finite integrals involving Legendre’s associated function,the Aleph
function and/or the generalized polynomial in terms of Aleph function. Special cases are also
discussed in the paper in which the definite integrals reduce to Laguerre polynomials and I-
function respectively.
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