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Abstract:We employ the Z-transform to give elementary proofs of the Sun’s binomial
inversion formulae.

Keywords: Stirling numbers, Z-transform, Sun’s binomial inversion, Bernoullinumbers.
1.- Introduction

The generating function for the Bernoulli numbers is given by [1-4]:

t
et—1

o Bn.n _
Zn:on!t -

: (M

which for ¢ =§ allows to obtain the following Z-transform [5-7] for the sequence

By B; B; .
o "1 72! s

1eol/z _ -1 = orBn
2V -1t = z(2y, @
In Sec. 2 we determine the sequence {%} such that:

@2 -Nt=z{&=} =1, 3)

n!
and in Sec. 3 we use (2) and (3) to deduce the Sun’s binomial inversion formulae [8-10].
2.- Determination of the quantities Q,, with the property (3)

It is evident the identity:

GRS R G e (P I CRAES VR CRAE (4)
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where we can apply Z~1, (2) and (3) to obtain the recurrence relation:
n (M
B,—nQn-1=0-2) Yk=0 (k) QxBn—r n=0, 5)
which for n = 0 implies the value Q, = (1 — A)~1. The expression (5) is equivalent to:
n
nQn-1=—1-2)Xk=1 (k) QxBn—k » nz=1, (6)

and it allows determine the quantities Q,, , in fact:

Q=—-(1-172, Q=0+1a-2173, Q:=—A*+42+ DA -1 ..

(7)
If we remember the property [1]:
jon-1 T Zk=j \})7k Pn-k> =j=n, (8)

involving the Stirling numbers of the second kind [1-3], then it is easy to obtain the following
explicit solution of (6):

(GUD I
Q= Y0 ms,{” , n=0, A1%1, )

in agreement with the values (7);hence from (3) and (9):

i i _
Z{n Sl oS = @ =D (10)

3.- Sun’s binomial inversion formulae

If we consider the binomial expression:

F) =Theo () 0O =2f(),  n=0, (11)

then Sun [8-10] obtained the corresponding inversion formulae:

fo =52 () FWOBaa,  A=1 (12)
f@) = =Zheo (1) FOW T o Saom s A% 1; (13)
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with the results deduced in Sec. 2 we can give elementary proofs of (12) and (13), in fact, from
(11) for the case 4 = 1:

F) =3 () F0) - ()« F(0) =0, (14)

where we apply the Z-transform to obtain:

Fm) _ (™ n_ 1) _ 17z
25 =25 (2=, 2= 15)
then:

f(n) 1/z -1 F(n) (2) Bn F(n)
z{EH = @ -7 2 {Th) = 22 {3 2 {5 (16)
such that:

Fm)) _ _ (FQ) , F@2) | FB3) | ) _ o Fn+D)

ZZ{T}_Z(1!Z+2!22+ 323" )_Z{ (n+1)! 2 (17)
hence (16) implies the binomial transform % = Y=o %:ﬁ—‘k’;' which is equivalent to

(12), g.e.d.
The Z-transform of (11), for the case A # 1, gives the relation:

D)2 [) (o2} D22
therefore:

(10) 5(=1)) .
z{@}:(el/z—arlz{¥} S B S G LI z{@}

n!

which implies (13), g.e.d.

Remark.- We can exhibit an alternative proof of (12), in fact,we know the relation [14]:

;cl:m (Z) (k)Bn—k = (TT:I,) (Bn—m + an—m,l)' n=mz=0, (18)
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in agreement with (11) and (12) for 4 = 1.
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LRS Bianchi I Model with a Variable A-term in Self - Creation Theory of

Gravitation in General Relativity
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Abstract

LRS Bianchi I cosmological model with a variable A-term under the framework of Barber’s
self-creation theory of gravitation is investigated. To get a physical model of the universe, we
have assumed that the metric potentials are functions of x and ¢ both. The equation of state is
considered as p = 3p. The results of the model are consistent within the observational limits.
The physical and kinematical aspects of the model are also discussed.
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1 Introduction

It is well known that the Bianchi type-I space-time has a fundamental role in constructing
cosmological models suitable for describing the early stages of evolution of universe. The
present-day universe is satisfactorily described by homogeneous and isotropic models given by
the FRW space-time. The universe in a smaller scale is neither homogeneous nor isotropic nor
do we expect the universe in its early stages to have these properties. To unify gravitation and
many other effects in the universe, several modifications of Einstein’s general theory of
relativity have been proposed and extensively studied by many cosmologists.

Ellis and MacCallum [1] have studied a class of homogeneous space-time in general relativity.
Roy and Singh [2] have investigated Bianchi type-I non-static cosmological model filled with
disordered radiation of perfect fluid. Jain et al. [3] have presented Bianchi type-I cosmological
model with a varying A- term in self-creation theory. Bali et al. [4] have investigated a locally
rotationally symmetric (LRS) Bianchi type-II space-time filled with string dust fluid where the
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shear is proportional to the expansion. Bianchi type-I magnetized radiating cosmological
model in self-creation theory of gravitation is investigated by Jain and Jain [5].

The cosmological term-A provides a repulsive force opposing the gravitational pull between
the galaxies. Linde [6] has suggested that A is a function of temperature and is related to the
spontaneous symmetry breaking process, and therefore it could be a function of time. Recent
investigations on the cosmological constant problem and consequence on cosmology with a
time —varying cosmological constant are presented by many authors such as Ratra and Peebles
[7], Sahni and Starobinsky [8] and Dolgov [9] etc. It is suggested that in the absence of any
interaction with matter or radiation, the cosmological term-A remains a constant. The existence
of the cosmological term-A is favourable to recent supernovae (SNe) Ia observations [10, 11]
and it is also consistent with the recent anisotropy measurements of the cosmic microwave
background (CMB) made by WMAP experiment [12].

In an attempt to produce a continuous creation theory, Barber [13] proposed two cosmological
theories. In these theories the universe is seen to be created out of self-contained gravitational,
scalar and matter fields. Barber’s theories allow the scalar field to interact with the particle and
photon momentum four vectors, which cannot happen in the Brans-Dicke theory [14] which
develops Mach’s principle in a relativistic framework, by assuming interaction of inertial
masses of fundamental particles with some cosmic scalar field, coupled with the large-scale
distribution of matter in motion. Thus,the Barber’s first theory is a modified Brans-Dicke
theory. The first theory was rejected on the grounds of a gross violation of the equivalence
principle, which resulted in disagreement with experiment. Later Brans [15] also showed that it
was internally inconsistent. Barber’s second theory retains the attractive features of the first
theory and overcomes previous objections. These modified theories create the universe out of
self-contained gravitational and matter fields. In the second theory, the gravitational coupling
of the Einstein’s field equations is allowed to be a variable scalar on the space-time manifold.
In recent years, Sahu and Mohanty [16], Singh and Kumar [17] and Venkateshwarlu et al. [18]
have studied Barber’s second self-creation theory of gravitation in various contexts. Pradhan et
al. [19] have evaluated LRS Bianchi type-I universe in Barber’s second self-creation theory.
Adhav et al. [20] have obtained axially symmetric Bianchi type-I model with massless scalar
field and cosmic strings in Barber’s self-creation cosmology. Jain and Jain [21] have
investigated Bianchi type-I radiating model in Lyra Geometry and self-creation cosmology
with constant deceleration parameter. Astankar et al. [22] and Tyagi [23] have found that the
physical parameters are dominated by Barber’s scalar function ¢ while studying LRS Bianchi
type-II with bulk viscous string cosmological model.

Dark energy plays important role in cosmological model in current scenario which is studied
by many authors in the framework of self - creation cosmology. Ram et al. [24] have discussed
Kantowski-Sachs cosmological model. Rao and Prasanthi [25] for Bianchi type V, Katore and
Kapse [26] for Bianchi type - I with polytropic equation of state. Jain and Jain [27] have
studied self - creation cosmology in the context of Bianchi type - VIy with Dark energy and
constant deceleration parameter. They find universe exhibits transition from deceleration to
acceleration. Singh and Beesham [28] have investigated LRS Bianchi type I models with
deceleration parameter ¢ = a — 1, for various values of a.

Bertolami [29] have studied the second order phase transition and inflation that is caused by
scalar field.

In this paper LRS Bianchi type-I cosmological model for disordered radiation is investigated
for the time-dependent cosmological term-A, in Barber’s second self-creation theory of
gravitation.
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This paper is organized as follows: The metric and field equations are considered in sect. 2.
Solutions of field equations are obtained in the sect. 3. The sect. 4 deals with some important
physical and geometrical features of the model. In the last section i.e., sect. 5, conclusions are
given.

2 The Metric and Field Equations

The FRW model has the disadvantage of being unstable near the singularity and it fails to
describe early universe. Therefore, Bianchi Type I models are undertaken to understand the
early universe on present day observations, hence considering LRS Bianchi type—I metric in
the form

ds? = dt? — A%dx? — B%(dy? + dz?) 2.1
Where the metric potentials A and B are functions of x and rboth.The field equations given by
Barber [13] are

R —~Rg] = 8n¢™T/ + Ag]. (2.2)
and ¢, = =T, (2.3)

where ¢¥, is the invariant d’Alembertian and the contracted tensor T is trace of the energy
momentum tensor, that describes all non-gravitational and non-scalar field matter and energy.
Here A is a coupling constant to be determined from experiments.

The energy momentum tensor has the form

! = (p + p)viv’ — pgy, 2:4)
where v’ is the four-velocity vector of the fluid and p and p are the pressure and energy
density, respectively.

Corresponding to metric (2.1), the four-velocity vector satisfies the relation

glvv =1 (2.5)
By adoption of co-moving coordinates, the field equations (2.2) and (2.3) for line element (2.1)

is written as
B,? B,2

B, —
204 2 - o= —8ndTIp + A, (2.6)
B{A
iy B Db S0 B0 - grgTip+ A (2.8)
Bin 5 A1By | Bi®  A4By By _ -1
220 2T e =8 T p A i (2.9)
and, ¢y + 222 4 22000 s BB S () 3p) T2 (2.10)

Here 1 and 4 indicate partial differentiation with respect to x and t respectively.
3 Solutions of the Field Equations
Equation (2.7) on integration leads to

1
A=2Bi, (3.1)

where g is an arbitrary function of x only.
Using equation (3.1) in equations (2.7) and (2.9) we get

B a %) ﬂi(ﬁ) ﬁ( _@)_

By dx( )T By dt \ B t g 1 9B/ 0 (3.2)
. . B .

To get the deterministic solution, we assume that El as a function of x alone, then A and B are

separable in x and t. Therefore, the equation (3.2), after integration, yields

7
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B = g(x)S(0), (3.3)
where S is an arbitrary function of t.
From equation (3.1) and (3.3), we have

A:%S (3.4)
Therefore, the metric (2.1) leads to
ds? = dt? — S2(t)[dx? + e**(dy? + dz?)] (3.5)
Using equations (3.3) and (3.4) in equations (2.6), (2.9) and (2.10) we have
25,

44+——S—2:—87T<;[> n+A (3.6)
3 35,2 _
i 5‘2‘ =8mp lp+A 3.7

3¢454 3¢4g g% d (1 8mA

Pra+ hd Lo (B) =0 - 3. (3.8)

For dlsordered radiation, equation of state is,

p=3p (3.9)
We assume that the scalar field (¢)depends on cosmic time t only, then equation (3.8) with
the use of equation (3.9) leads to

348,
Pas + 252 = 0 (3.10)
This on tw1ce integration leads
¢ = ki [t +ky G.11)

Where k; and k, are constants of integration.
To get the function S(t) we assume the deceleration parameter to be constant i.e.

q= —SS“ = ks (constant) (3.12)
Where S (t) = (AB?)1/3 is the overall scale factor. Here the constant is taken as negative i.e. it

represents an accelerating universe.
The equation (3.12) can be written as

2 4 kg2 =0 (3.13)
The solut1on of equation (3.13) yields

1
S(t) = (at + b)1+k (3.14)
Where
a=ky(1+ks)and b =ks(1 + k3) (3.15)

Here k4 and ks are constants of integration. Clearly equation (3.14) implies that the condition
of expansion is 1 + k3 > 0.
Using equation (3.14) in equation (3.11) we get
¢ = a(at + b)P + k, = aT? + k, (3.16)
where

ky -2
a= pr and § = k3+1 (3.17)

Clearly the scalar field remains finite throughout the evolution of universe. It has a singularity
at7=0withf <0ork; <0.
Metric (3.5) reduces to

ds? = dt? — (at + b)¥/ ¥ [dx? + e?*(dy? + dz?)] (3.18)
After suitable transformation of coordinates, equation (3.18) reduces to
ds? = —dT? — T°[dX? + e?X(dY? + dZ?)] (3.19)
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Equation (3.19) represents the LRS Bianchi type-I spatially homogeneous and anisotropic

model for disordered radiation in Barber’s self-creation theory of gravitation. The space time

exhibits POINT-TYPE singularity (MacCallum, 30) at T =0 i.e. t = —b/a with ¢ >0,
2

where ¢ =

1+ks *
4 Some Physical and Geometrical Features
After using equation (3.9) in equations (3.6) and (3.7), the pressure, energy density and time
dependent cosmological term are given by

2k3
p=—(al’ + k) [k4 (2-1)+ T1+’<3], @.1)
The energy density,

2k
p—gﬂ@ﬂﬁ+b)h4-—— )+FW4, 4.2)

The energy conditions [31]
p+p=0, p p>Oand p+3p>0,leadst0

2k3
ptp=y (B-1)+1i%] 20 43)
2k3
p—p=- (2- )+Tm]20 (4.4)
2k3
p+3p == [k4 (—— )+ 1| 2 0 (4.5)
The cosmologlcal term,
A=—2ksky’ . (4.6)
The scalar of expansion calculated for the flow vector v* is given by
6=3% (4.7)
The three components of Hubble parameters (H;, i = 1,2,3) are given by
Hy = Hy = Hy = = (4.8)
Hence the Hubble parameter H is given by
H=32 (4.9)
The anisotropy parameter is defined by
A=1%3 [AHL] (4.10)

Where AH; =H;—H (i =1,2,3)

For our model the anisotropy parameter is given by

A=2 .11
Which is constant.

The spatial volume (V) is evaluated as

3 3
V =5%=/—gAB? = (at + b)1+ks = T1+ks (4.12)
The expansion velocity S, is given by
§,=—2 1 (4.13)
YT (1+ka) Tl’g@

For the model (3.17), the particle horizon exist because
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T

T dt (1+k )
Fese SO —= [( t+ b)“"S] (4.14)
To

isa convergent integral.
The ratio of energy density to the square of the expansion scalar is calculated as

8= A (a1 4 ky) [k? (2 - 1) + 75 (4.15)
02 241k, 247k, 2 2 4 ’
20000 ; : ; .
0 ¢
) | —
2 150001 | P —
° \ ;
e %1 i
© 10000t A o -
o] \
al ) *ptp
g 5000+ 3 p-p |1
= ; p+3p
- i
i 0 =i S S = S CO -~ S S-S
'50000 0.2 0.4 0.6 0.8 1

In the model we observe that the spatial volume V is zero at T = 0 i.e. at t = ty and scalar
expansion Ois infinite at initial singularity ¢ = #) which shows that the universe starts evolving
with zero volume and reaches infinite rate of expansion at ¢ = #,. Initially at ¢ = ¢, the pressure p
and energy density p are infinite. As t increases, the spatial volume V increases but the scalar
expansion decreases. Thus, the expansion rate decreases as time increases. As T — oo, the
spatial volume V becomes infinitely large.

It is worth mentioning that A is inversely proportional to the square of time 7. Clearly T — 0,
gives A — oo, and T — oo, gives A = 0 . The cosmological term- A has constant value with in
the range 0 < T < oo. The value of cosmological constant is in an excellent agreement with
observations [32,11] of type la Supernovae (SNe). The main conclusion of these observations
is, that the expansion of the universe is accelerating and the cosmological term was very large
at initial times which relaxes to a genuine cosmological constant with due course of time.

The expansion velocity S, is given by diverges as T — 0, i.e., t = ty. Hence the expansion of
the universe is infinite as we approach towards t — ty. When k; = -1, i.e., ¢ = -1 (accelerating
unrverse) — becomes constant, which means the energy density is proportional to the square

of the scalar expansion. Hence the model approaches isotropy.

All the parameters p, p, Hy, H,, H;, H and 6 tend to zero when T — oco. Therefore, the model
essentially gives an empty universe for large values of T. All the physical quantities remain
finite and physically significant at finite region of the universe. In case 4 — 0, the solutions
approach Einstein’s general theory of relativity in all respects and the model represents non-
rotating and expanding universe with a big - bang start.

10
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Concluding Remarks

In this paper, we have obtained LRS Bianchi type-I cosmological model with a varying A-term
for disordered radiation within the framework of Barber’s second self-creation theory. From
equation (4.7), we conclude that the model will represent an expanding universe. While solving
Barber’s field equations for disordered radiation, we have assumed deceleration parameter as
constant. It is also observed that the Barber’s scalar field ¢ is constant at t = tyi.e., T — 0 with
B > 0 or k; > 2 for disordered radiation universe model.

The anisotropic expansion of the universe with time is evident from the model (3.19). The
value of cosmological constant A is in an excellent agreement with observations [32, 11] of
type la Supernovae (SNe). The main conclusion of these observations is that the expansion of
the universe is accelerating and the cosmological term was very large at initial times which
relaxes to a genuine cosmological constant with due course of time.

The model obtained in this paper is of considerable interest and may be useful in Barber’s self-
creation theory to study an accelerating model of the universe. It is found that if A — 0 the
Barber’s self-creation theory tends to general theory of relativity in all respects.
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Abstract:

Dynamic Evolution of discrete 2-D nonlinear Bogdanov system has been studied in detail.
Characteristic Bogdanov—Takens bifurcation observed by varying a certain parameter of the
map. Pitchfork bifurcation observed at certain parameter space. During evolution this map
shows chaotic behavior and interesting chaotic attractors emerged. Chaotic motionidentified
through patterns of attractors and also, by positivity of Lyapunov exponents. Presence of
complexity observed indicating internal multicomponent structure, the map shows complexity
property which is different from chaos. All measurable quantities obtained through numerical
simulations are represented through graphics and the results obtained are discussed with proper
justification.

1. Introduction:

Almost all real systems are nonlinear and their evolution do not follow any definite rule. While
solving nonlinear problems one has to adopt some specific rules.Internally many nonlinear
systems structurally multicomponent and in such systems individual elementsevolve by their
own rule which cannot be determined by deterministic rule. Only probabilistic rule can explain
evolution criteria of such particles.Such systems termed as complex systems. During evolution
a complex system exhibits chaos in some parameter space but also other phenomena called
complexity. Complexity is due to the interaction among multiple agents within the system
displayed in the form complex-patterns within periodic windows in bifurcation diagrams, form
of existence of multiple attractors, bi-stability, intermittencyetc., [1-7].Study of complexity
means investigating the dynamics that emerging from a collection of interacting parts.

Appearance of chaos most appropriately measured by Lyapunov exponents, (LCEs), [8—12]: if
at any state measurement of LCE > 0 the evolution becomes chaotic and if LCE < 0 the
evolution becomes regular. Presence of complexity in any system measured by increment in
topological entropy: more increase, (or fluctuations), in topological entropy signifies the
system is more complex [13 - 17].

The Bogdanov map, named after Russian mathematician Rifkat Ibragimovich Bogdanov.
Bogdanov was known for his contributions to nonlinear dynamical systems, bifurcation theory
and differential geometry.The Bogdanov map is a 2D planar quadratic map, conjugate to the
Hénon-area-preserving map in its conservative limit, [18-20]. In dynamical systems theory, the
map displays interesting chaotic attractorsand show bifurcations that indicate presence of
complexity within the system.

Objective of the present article is to dynamic investigation of Bogdanov map and explore its
evolutionary property. In the process of study bifurcation diagrams drawn by varying certain
parameter while assigning values of other parameters. Analysis performed on bifurcations
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including those of periodic windows appearing within chaotic region indicating complexity
within the system. Numerical calculations extended to obtain some interesting chaotic
attractors and to calculate Lyapunov exponents (LCEs). Simulation works performed to
calculate topological entropies as measure of complexities. Results obtained displayed through
different graphics. Finally, a brief discussion added on the study done.

2. Description of Bogdanov Map:
The map is a planer two-dimensional quadratic map and conjugate to the Hénon map in its
non-dissipative limit. It is given by
Xn+1 = Xn + Ynt1
Vn+1 = Ynt € Y + kxp (2, — 1) + puxpyy (D

Here, € and u are related to the Bogdanov vector field, while k plays the role of step length in
the discretization, such that for a small k, the map behavior will resemble the original vector
field.

Fixed points are real steady state solutions of a dynamical system. System (1) has fixed points
P;(0,0) and Py (1, 0)irrespective of whatever values parameters€ , k, 4 may assume.

. . 14+ 2kx—k 1+€
Jacobian matrix of map (1) is ] = ( ;kx f ‘ot :yliy 115 :g) .

2

. ) . . . _(1—-k 1+4€
(i)At P;(0, 0) this Jacobian matrix is Jo = ( _k 1+€) (3)
Then, we find, Trace(J,) = 2+€ —k and |J,| = 1+€. Hence the fixed point P; (0, 0) is non-

hyperbolic on the line (€, k), [20]. Eigenvalues corresponding to fixed point Py (0, 0)obtained
as

Ao = %[(2+€ —k) £ (€ —k)* — 4k] (4)
(ii) At P;(1,0), Jacobian matrix (2) reduces to

J, = (1 +k 1+4+€ +,u> 5)

k 1+€ +pu

Here, again we have Trace(J;) = 2+€ +k + pand |J;| = 14+€ +pu. This is equivalent to the
earlier case of the fixed point thatP;(0, 0) by certain adjustment within parameters, [19], and
so P;(1,0) is non-hyperbolic. Attractors and orbits of different initial values around the fixed
points are interesting and play significant role defining dynamics of map (1).

For values of €= 0,u = 0 andk = 1.2, the fixed point Py (0, 0)shows neutral type of stability

and behaves like a center. A set of orbits around this point provide very interesting criteria.
For 20 chosen initial point around (0, 0), evolving orbits are drawn and shown in Figure 1.
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-0.4 -0.2 0.0 02 04 0.6

Figure 1: Orbits around fixed point P;(0,0) when € = 0,u = 0 andk = 1.2.
For specific values of parameters €, k, pevolutionary dynamics of map (1) follows:

3. Bifurcation Analysis:

Fork=0.2, u =3 and —2.5 < € < —1.0, the system evolves into Pitchfork type of bifurcation,
Figure 2(a), which is regular and two periodic. Regularity justifies from the time series plots
and phase plot for k = 0.2,u = 3, = — 2.0, Figure 2(b). The phase plot shows only two
points that corresponds to the 2-periodic motion.
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3 E
Figure 2(a): Pitchfork Bifurcation of map (1) fork = 0.2,z = 3and —2.5 <€ < —1.0.
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Figure 2(b):Time series curves and a phase plot k = 0.2, 4 = 3, = — 20
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Then, bifurcation diagrams of map (1) drawn for values k = 1.44, u = —0.1 and varying
parameter € as0.0001 <€ <0.0045 and shown in Figure 3(a). Also, by varying parameter k,
0.1 <k <1.8 and fixing values € = 0.02, z = —0.3 bifurcation diagram drawn and shown in
Figure 3(b). In both of these cases, periodic windows appearing within chaotic region;
period—5 window in Figure 3(a) and period—6 window in Figure 3(b). These are indication
of presence of complexity within the system.

04

02

0.0

X/‘l

-02

0.4
0.000 0.001 0.002 0.003 0.004 0.000 0.001 0.002 0.003 0.004

€ €
Figure 3(a): Bifurcation diagrams of map (1) fork = 1.44, u = —0.1.
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Fig. 3(b): Bifurcation of map (1) for€ = 0.02,x = —0.3 and 0.1 <k <1.8.

4. Attractors:

Regular 2 —periodic attractors already shown in Figure 2(b). Fork = 1.44, n = - 0.1 and
varyinge as shown, interesting chaotic attractors drawn for Bogdanov system (1) and presented
in Figure 4 and in Figure 5.

€ = 0.0005 e=0.001 e =0.0015
02
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X 00
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~0.180.050.000.050.100.15 01 00 01 02 02-0100 01 02
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€ =0.0017 € =0.002 € =0.0025

Yn
! !
Leoo000
W oW

Y
cooooo0
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-02-0100 01 02 -02-0100 0102 03

Xn Xn
€ =0.003 e =0.004
04 04
02 02
= 00 = 00
02 -02
0.4 (IR -04
-0.30.20.10.00.10203 -02 00 02 04
Xn Xn Xn

Figure 4: Attractors of map (1) for k = 1.44, p=- 0.1 and different values of € as shown.
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k=158

-04 02 00 02 04

k=1.71

04 02 00 02 04 06

xn £ 06 xn
Figure 5: Chaotic attractors for €= 0.2, u = —0.3 and varying values ofk.

5. Lyapunov Exponents:

In case of chaos, system shows sensitivity to initial conditions, i.e., two trajectories originated
extremely close to each other show divergence behavior during long term evolution.Lyapunov
exponents (LCEs) proposed to measure exponential separations of such orbits,[21 — 24]. If at
any state LCE > 0 the evolution becomes chaotic and if LCE < 0 the evolution becomes
regular.

In case of Bogdanov system (1), there are cases when the initial evolution is chaotic (LCEs >
0), but in the long-term evolution, such motion converted into regularity (LCE< 0). This shown
in Figure 7, for k = 1.76, £ = —0.1 and €= 0.02. Here,a chaotic attractor, figure (a), shown in
the phase plane and figures (b), (c), (d) are LCE plots; figure (c) plotted in certain short range
of evolution whereas (d) during long-term evolution.
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Figure 6: Plots of Lyapunov exponents (LCEs) for chaotic attractors for k = 1.44, 4 = —0.1 and values

of €= 0.0005 and €= 0.0015.
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Figure 7:Showing initial chaotic motionfor k = 1.76, # = —0.1 and €= 0.02 regularizes after long
term evolution.

6. Topological Entropies: Measure of complexity.
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Periodic windows appearing in bifurcation diagrams, Figure 3(a) and Figure 3(b), clearly
indicating presence of complexity in Bogdanov system (1). During evolution their individual
elements evolve in their own independent way and display mixed properties nonlinearity,
chaos as well as complexity. Earlier studies made on this system, [20, 21], also indicating
occurrence of Hopf bifurcation and multistability within very small parameter ranges. So, the
study must be performed with some new perspectiveand the law of probability be applied to
describe the rate of mixing of evolutions.By this way one measures the exponential growth rate
of the number of distinguishable orbits as time advances.The topological entropy, (also called
Kolmogorov — Sinai entropy, [25]),provides measure the presence of complexity in the
system.We define topological entropyas a nonnegative number which measures the
complexity of the system.

In order to explain method to measure topological entropy, consider a finite partition of a state
space X denoted byP = {A;,A, A;,....,Ax}. Then a measure p on X with total measure
nw(X) = 1 defines the probability of a given reading as

Pi = I.I.(Al),l: 1,2,..,N. (6)
Then the entropy of the partition be given by
H(P) = — Xi, piLogp; (7
B C) B
= 041
> > 03
S ¢ S
E T o2}
o ]
01
. 00k i i i L L =
L 1 0.0010 0.0015 0.0020 0.0025  0.0030 0.0035 0.0040
3 F
S — @
04
g |
5

k
Figure 8: Plots of topological entropies; (a): 4 = 1.0,k =0.2and — 25 < e < —-1.0,(b)u =
—0.1,k = 1.44and0.001 < € < 0.0045and (c) u = —-0.1,e =0.02and 0.1 < k < 1.7.

Above figure, Figure 6, represents plots of topological entropies for three cases of map (1);
(@A u=10,k=02and —25 < e < -10, (b) u=-0.1,k=144and0.001 < € <
0.0045 and (c) p = —0.1,e = 0.02 and 0.1 < k < 1.7. One observes in figure (a) significant
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increase of topological entropy, in figure (b) significant but constant increase of topological
entropy and in figure (c) significant and fluctuating increase in topological entropy.

7. Concluding Remarks:

In this article, specific bifurcations in quadratic type of Bogdanov map investigated. The
evolution of chaotic attractors, which appear or disappear by contact bifurcations, with their
own basin boundary has been observed. The system evolves into pitchfork bifurcation for
values of k = 0.2,u = 3 and —2.5 < € < — 1.0, Figure 2(a).Interesting attractors, Figure 4
& Figure 5, drawn for map (1) in some parameter space. In some cases, the motion of the map
display chaos, but in long term evolution, such motion turns into regularity, (see Figure 7).
This shown by calculating LCEs by using Mathematica codes by Martelli, [28]. Periodic
windows, of period five and six (Figure 3(a) and Figure 3(b)), appearing within chaotic region
indicating presence of complexity in the system. Topological entropies calculated as measure
of complexity and presented in Figure 8. Topological entropy has significant value even if the
system is not chaotic.
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Abstract:We give an elementary proof of an identity involving the Euler totient function and
Ramanujan

sums, obtained by Gallego-Torromé, and we realize its application to Mdbius and
Pillai functions.
Keywords: Euler totient function, Ramanujan sums, Pillai’s and M&bius functions.

1.- Introduction

Here we show the relation:

km

p(m) = C(m,n) + 2 ¥R (my=1 Sin? =), m=z20, nz1, (1)

involving the Euler’s totient function [1-6] and Ramanujan sums [2, 5, 7-9]. For the case
m = 2M, (1) gives the identity obtained by Gallego-Torromé [10].

2.- Proof of the property (1)

In fact, by the definition of Ramanujan sums [2, 5]:

- 2mkm
C(m,n) = X521 (emy=1 €™M = 3021 omy=1 COS( ) ER=1, Gem=1 (1 -
.2 wkm
2 sin? (%)), @

but 9(n) = XRZ1 (emy=1 1. then (2) implies (1), g.e.d.

Now we accept that n and m are relatively prime, that is, (m,n) = 1, then (1) takes the form:

wkm

o) =um)+2 Ypii 1 (emy=1 Sin? =), m=z1 n=z1, 3)

with the presence of Mébius function [2, 4, 5, 11, 12]. If d/n then (m,d) = 1 and (3) gives
the expression:
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o(d) = p(d) +2 Tt o ayor Sin? (”"—"‘) m>1, (4)

where we can apply the Gauss identity ¥4, ¢(d) =n and Y, u(d) = eg(n) to obtain the
property:

_ ) k
n=2 Zd/n Z,‘f:}, (kd)=1 Slnz(%), m=>=>1, n>2, (mn)=1; (5)

if n is a prime number, then from (5):

km
— )

p=2 Zk 1 (ep)=1 Sin? m=>1, p=>2 (mp) =1 6)

This result (6) also can be deduced from (3)because ¢ (p) = p — land u(p) = —

We multiply (4) by gand after we applyvY,y,, to obtain the following expression for the
Pillai’s function [2, 13]:

p):=Xj1(,n) = Zd/n p(d) = p(n) +2 Zd/n )ity 1, (kd)= 1Si"2(nkTm): (m,n) =
L)

because @(n) = Za/ng u(d).
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Abstract
The Bianchi type V cosmological model for Bulk viscous barotropic fluid with variable
gravitational constant [G(t)], and the variable cosmological constant [ A(t) ], in presence of
magnetic field is investigated. To get a determinate model, we impose a physically viable
condition between metric potentials. We have also used,p = yp, and n = nyp°® where p is
energy density, 1 is shear viscosity,H is the Hubble parameter, and P = p — 3nH with
0 <y < 1. Some physical and kinematical characteristics of the model are also discussed .

Keywords: Bianchi Type V models; Varying G;Varying cosmological constant; Magnetic
field

1 Introduction

The sign of curvature for Bianchi type-V space time is negative so it represents a model of
open universe [1].The Open universes (k = - 1) are examples of the low density models. The
natural generalization of Friedmann — Robertson — Walker models (k = - 1) lead to the Bianchi
type — V space-time [2]. As a generalization of open universe, Bianchi type — V models are
interesting to study because these have richer structure, physically as well as geometrically
[3].A barotropic fluid has pressure and density that are connected by a state equation which
does not include temperature as a dependent variable. The equation of state of perfect fluid can
be written as p = p(p) or p = p(p). A specific example of barotropic fluid [4] is one with a
linear equation of state suchasp =yp, 0 <y < 1.

The magnetic field is known to be present in galactic and intergalactic areas. According to
Melvin [5], matter was strongly ionized during the evolution of the cosmos, but as the universe
expanded, it became smoothly linked with the field and formed neutral matter. The current
magnetic field strength is very low. This strength might have been noticeable in the early
universe. So at that time,isotropy break down resulted, due to the presence of significant
magnetic field [6]. Therefore it is evident that the matter fields, such as magnetic fields have a
profound influence on the evolution of the universe [7].

*Corresponding author, E-mail: yadav1976mk@gmail.com
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The incorporation of an electromagnetic field and matter into the space-time of Bianchi type-V
with equation of state p = €, has been studied by Ftaclas and Cohen[8]. Lorenz[9]hasstudied
an exact Bianchi type-V tilted cosmological model with matter and electromagnetic field.Singh
[10] has investigated the Bianchi type-V cosmological solutions of massive strings in the
presence and absence of the magnetic field. Bali and Jain [11]have studied the Bianchi type V
magnetized string dust cosmological model for perfect fluid distribution. Bali [12]has
investigated Bianchi Type V magnetized string dust universe with variable magnetic
permeability. Kumar and Srivastava[l13]have studied some new aspects of the Bianchi type-V
space time.Billyard et al. [14]have studied scalar field cosmologies with barotropic matter
models of Bianchi class B.Bali and Sharma [15]have analyzed tilted Bianchi type I
cosmological models for barotropic perfect fluid in general relativity.The Bianchi type-V
models have also been investigated by a large number of authors viz. [1, 16, 17, 18].

In Einstein’s field equations, the Newtonian gravitational constant G, and the cosmological
constant A both are allowed to be included. As a consequence, the G acts as a coupling
constant for geometry and matter. The “Zwicky Theory”, was proposed by Milne [19,20] in
which the red shift spectra of distant galaxies were considered as a function of time scale
factor variation with the assumption that the G depends on cosmological time t . Dirac's “Large
Number Hypothesis’’ [21] is the basis for cosmologies in which G decreases as time increases.
In 1917, Einstein introduced the cosmological constant A, as a motivation to consider universal
repulsion necessary to keep the universe static. The cosmological constant problem [22] has a
solution through Weinberg’s [23] suggestion that the A should be a function of temperature so
that it may be made related to the spontaneous symmetry breaking. FRW cosmology is studied
in such a way that the models with a cosmological constant seem more interesting
[24].Beesham [25] points out that the observations suggests that the varying Gravitational
constant G is inversely proportional with respect to time t. Rahman [26] has studied varying
Gravitational constant G and cosmological constant A, and obtained that G increases, and A
decreases with time. Berman [27] and Kallinga [28]have also found that the value of
cosmological term at early universe was very high. Bali and Tinker [29]haveinvestigated the
Bianchi type-V bulk viscous barotropic fluid cosmological model with variable gravitational
constant G and the cosmological constant A. Borkar et al. [30] have studied Bianchi type I bulk
viscous barotropic fluid cosmological model with varying A involving a functional relation on
Hubble parameter in self-creation theory of gravitation. Chaubey and Shukla [31]have
discovered that the cosmological constant A is a positive decreasing function of time. This is
supported by recent Supernovae la observations.Chaubey et al. [32]have discussed a general
class of Bianchi cosmological models in the presence of dark energy with variable Aand G
under the framework of viscous cosmology and found that Aand G are linear functions of time t
with negative slope.Recently Dixit et al.[33]have studied the particle creation in FLRW higher
dimensional universe with gravitational and cosmological constants. Tiwari et al. [34]have
studied accelerating universe with varying A in AR, T) theory of gravity. Many author’shave
discussed that the gravitational constant G and cosmological constant A are
~R7? (also ~t™%) Recently Bali and Tinker [29]have studiedBianchi type-V bulk viscous
barotropic fluid cosmological model with variable G and A.Naidu et al. [35]have investigated
Bianchi type-V bulk viscous string cosmological model in f (R,T ) gravity with the bulk
viscosity. Tiwari and Singh [36] have analyzed Bianchi type - V cosmological models with
perfect fluid in presence of varying G and A and observe that the solutions favor the A CDM
model. Goswami et al. [37] have also studied the existence of A- dominated anisotropic
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universe filled with magnetized strings. Motivated by the above, we are presenting a varying G
and A models in presence of Magnetic Field.

The organization of this paper is as follows: In section 2, we have established Einstein field
equation. In next section 3 we have solved them wusingB = C", n =1nyp° and p =
yp,(0 <y < 1).In section 4 we finds physical parameters, and geometrical features of the
model. The physical behavior of the modelsare analyzed in section 6. Conclusion of the paper
is presented section 7.

2. Bianchi Type-V Model and Field Equations:
Let us consider Bianchi Type V model representation in the form

ds? = —dt? + A%dx? + e**(B?dy? + C?dz?) . (1
Einstein's Field Equation is given by

Co1 . .
R/ —-Rg} = —8nGT/ + Ag] , ()
where G ,and A are gravitational constant and cosmological constant respectively. Both are
considered as function of time t.
The energy momentum tensor, Ti] is

T/ = (p + P)vyv’ + Pg! + E/. 3)

Here E L] is defined as follows [12, 38],

_— oy ,
E} = @|In? (viv? +3g]) - hit]. ©)
with

h; = ZE;Eijkszle Q)
The non-vanishing component of electromagnetic field tensor is, F,3 = K, where K is constant.
We assume

P =p—3nH, (6)

where p is the equilibrium pressure, 7 is the coefficient of viscosity and p is the energy density,
together with v;v/ = —1.

To get deterministic model, we assume that the magnetic permeability i is a variable quantity
and assume thatjg = e™*X,

Einstein's field equation (2) for the Bianchi Type-V metric (1) with equations (3), (4) and (5)
reduces to,

KZ

Bus | Cas | BaCy 1 K
2B2(C?

B (o BC A2 = —8nG (P N

) +A 7)
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Aag | Cag  AaCs 1 ( K_Z)

" + - + < 2 = 8nG P+ZBZC2 + A

Bag | Ass  Bady 1 _ ( K2 )

- + " + A a2 8nG P+ZBZC2 + A
2

AsBs | AsCy B"‘C"‘—i=8nG(p+ K )+A

AB AC BC A2 2B2(?

240 _Bs_Ci_

A B C

In the above field equations, suffix 4 represents differentiation with respect to the time

variable.

)

. . . j 1 . .
The divergence of Einstein tensor (Rl] —-g’ ) = 0, gives one more equation.
29t

It leads to (81rGTl.j - Agij ).j = 0, then from equation (3), we get

871G [25 + (P +p) (2 + 2 + %) + p, | + 816, (p +

B?c?

KZ
2B2C?2
The conservation of energymomentum tensor gives us

2K? Ay | By, Cy _
mat @) (G5 +E)+o=0.

Now concluding,
n=10p°,

where 1, is a positive number and s is a constant.

To find the complete solution of the model, wealso assume the condition

p=yp,(0<y<1).

3. Solutions of the Field Equations:

) + A, =0.

@®)
€

(10)
(11

(12)

(13)

(14)

(15)

Here we solve the Einstein field equations analytically. These are five nonlinear ordinary
differential equations in seven unknowns, so we need at least two constraints to solve them

exactly. We take,
B=C"
Where n is a positive constant.
Equations (8) and (9) lead to
Con | AaCy _ Ban | APy
c AC B AB
Using equation (11) in equation (16) we obtain,

Byy | 1(Bs\? _Caa | 1(Cy 2

3G =2 +0)

Using equation (16) in equation (18) we get,
3p24l 2

Cu _ (ngn?+5) (@)

¢~ (-1 c

Integrating equation (19) with respect to the time variable we get,
1
C =[(1—a)(kyt + k)]0
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_ 2
Here a = %, k, and k, are constants of integration.
Putting the value of C from equation (20) in equation (16) we obtain
B =[(1 - a)(kyt + kp)]0-@ 1)
and
n+1
A =k3[(1 = a)(kyt + kp)]20-o ) (22)

where k; is a constant of integration.

Hence the metric (1) leads to the following form
(n+1

(n+1) _2n_
ds? = —dt? + k3’ [(1 — @) (kyt + k)]G dx? + e?* ([(1 — @)kt + ky]0-ady? +

2
[(1 - a)klt + kz](l_a)dzz) (23)

After using suitable transformation the metric (23) reduces to
n+1

1 41 2 2
ds? = —Fde + [(1 — @)T]a-9dX? + e?*[(1 — @)T]G-0dY? 4+ e**[(1 — a)T]@-0dZ?

1
(24)

Where ki;x = X,

y=Y,

z=12Z,

s =S5, and

kit+k,=T.

4. Some physical parameters

Now we evaluate some parameters to characterize our model.

Subtracting equation (7) from (10) we get,

Bas 4 Caa  AsBa  AuCy 2
St =+ 5 =—8nG(P +p) (25)

Using equations (20),(21),(22) and (15) in the equation (25) we obtain

Caq (n+1)2 Cy ZI 8
(n+1)=¢ ( 2 )(?) 'c(2n+2)}

3nH—-(1+y)p

81rG={

(26)

From equation (13)

3(1+y)(n+1) C, . 2K?

Pat TP ey

27

Using first order linear differential equations techniques we get density of the model is,

1 (—2k2 1 T(+D
p_r_b'{ d 'k (c+D) } (28)

Where L is a constant of integration with,

3(1+y)(n+1)

p = A+
2(1-a)

_ By-1)(n+1)

T 21-)

(29)

(30)

d=(1-a)5ED)

Equation (15) gives pressure as,

€2))
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oy —2K2 1 Tl+1)
P= S e T L (32)
Using the equation (20) and equation (28) in equation (26), we obtain

-2(n+1)

[+ DlPa = (“22) 1,2 4 8101 - 7] 0

S
(1-a)2(1+y) [-2k2 1 T(Cc+D 1 (—2k2 1 T(+D (n+1)
{T(T — +L)—3T]o <ﬁ(_ —+L)) S kl[(l—(l)T]}

Ky (c+1) d ki (c+D)

8nG = —

(33)

From equation (10), we obtain

2 (D, 2 _ _(2(++)1)+2 1 (—2k% 1 TEHD K2
{(n+1)k1 a— (S0 ko +8[(1 - ] G L (RE LI ) o —
2[(1-a)7] -9

A(t) = s
(1-a)2(1+y) (-2k2 1 T(c+D) 1 (-2k2 1 T(ctD) (n+1)
{—Tb—z (T )~ (rb- Gt L)) Tkl “)T]}
(n?+4n+1)k,? 12
_ 2 2(n+1) (34)
2l-1] [(1—a)T] @G-
As we have taken bulk viscosity as
1 (—2k? 1 TD s
=m0 |- (5 L) (35)
Also from equation (6), the total pressure is defined as
P=p-—3nH.
So we obtain
vy (—2k? 1 T(*D _ 1 (-2k? 1 T(ctD 5 (n+1) kq
b= ﬁ'{ 4 e T L} 3-U0-{ﬁ-( 4 ern T )} 2 la-ao1l
(36)
Hubble parameter is defined as,
—1(As By Ca
H = 3 (A t3 T C)’
_ (n+1) k]_
H == STemm (37)
Volume of the universe is defined as follows,
3(n+1)
V =ABC = k3. [(1 — a)T]20-, (38)
Scale factor turns out to be
(n+1)
a(t) = k3%, [(1 — Q)T]20-o. (39)
The anisotropy parameter is
_ 2(n-1)2
m ™ 3(p+1)2" (40)
The shear scalar is given by
2 _ (n-1)? ky?
T T4 0o Uattk? (41)
The expansion scalar is

T [A-a) (ke t+k)T
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So, the ratio of the shear scalar, and the expansion scalar is
o __ (n-1)

6 3(n+1)’

(43)

5. The model in absence of magnetism:

Now we discuss the model in absence of magnetism.

Substituting K=0 in equation (28), we get
L

P = Gatripp (44)

From equation (32) gives pressure of the model as,
— yL
P = Gerin? (45)

equation (33) reduces to,

2 —2(n+1)
[(n+1)k12a—((n+Tl))k12+8[(1—a)T] G- “]

{(1—a)2(1+y) S (n+1)

8nG = —
L0 —amo(Z5) s [-a)r)]

(46)

The value of cosmological constant A is

(n+1)k12a—(ﬂ)k12+s[(1-a)r]_(21(f2)1)‘ 2

2 L, (n*+an+1)k,® 12
1-@20+y), _, (L) @m+1) ‘b 21(1—a) T2 2(n+1) °
{ h-2 L 37]0(Tb)- 2 -k1[(1-0l)T]} [(1=a)T] [(1-a)T] G-®

Alt) =

The bulk viscosity is
L N

1= 1o-(55)

(47)

The total pressure is

_vL L S (n+1) kq
P=f-3ml5} e (48)

6. Graphical Representation
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—q=-15005,n= 1000

a(t)

Fig. 1 The variation of scale factor along with cosmic time

From equations (39) we have plotted fig. 1, which shows that the variations of scale factors
with cosmic time T for k; = 1,k, = 1.5,k; = 2, the scale factor shown with black line
increases faster than others whereas green line varies slower than others.

0.25

|—a=-125n=035]

0.2
015+

T
0.1¢

0.05+

0 5 10 15 20
T
Fig. 2 Variation of Hubble parameter along with cosmic time

From equations (37) we have plotted fig. 2, which shows that the Hubble parameter decreases
with cosmic time for &« = —1.25,k; = 1,k, = 1.5, and n = 0.5. We also observe the same
nature for different values of &, shown as overlapping over red line.
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Fig. 3 Variation ofthe density with time(2D) Fig. 4 Variation of density with time (3D)
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Using equation (28) we have plotted fig. 3, It shows that the density reaches to zero from
negative value, shown by red and blue line whereas green and black lines represents
decreasing density, at late times to zero for K=2 ,k; = 1,k, = 1.5,k3=2,L=1y =0.5 (in
2-D diagram). Fig. 4 is plotted for different values of K from -5 to 5. It also gives symmetry
with center K=0, fora = 1.25,k; = 1,k, =15,k =2, K=2,L =1y =05andn = 0.5.

15 - -

a=-125n=05

4 —ea=-35,n=2 *
—a=25n=2 4
—a =-1500.5, n = 1000
05 . - s . a
o N 4 , A4
-0.5/,/,—’_'- E"_'_g“--——— : P
_ A
o 5 10 15 20 K
T T

Fig. 5 Variation of pressure with time(2D) Fig. 6 Variation of pressure with time (3D)

From equations (32) we have plotted fig. 5. Here red and black line overlapped, green line
shows the decreasing equilibrium pressure to zero, starting from positive value for K=2
ki =1k, =15k; =2,L =1y =0.5 (in 2-D diagram). Fig. 6, for different values of K
from -5 to 5 also gives symmetry nature with center K=0, for ¢ = —1.25,k; = 1,k, =
1.5k; =2, K=2,L=1y =0.5andn = 0.5.
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0.035 -
0.03 —u=-125n=05 1 L
—a=-35n=2
0.025 a=25n=-2 B i
—u =-1500.5, n = 1000 | o
— 002 2 O o
-200-
.| pe e T
0 15 53 4
K
|

Fig. 7 Variation of [G(T)] with time(2D) Fig. 8 Variation of [G(T)] with time (3D)

From equations (33) we have plotted fig. 7. It shows that all the lines of the gravitational
constant [G(t)] reaches to zero in late times for K=2 (in 2-D diagram ) . Fig. 8, for different
values of K from -5 to 5 shows sometimes upwards to zero and sometime downwards
movement for different values of K, herea = —1.25,k; =1,k, =15k =2 ,K=2,L =

1,y =0.5,s = 4,n=%,n = 0.4 andn = 0.5.
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Fig. 9 Variation of A(T) with time(2D) Fig. 10 Variation of A(T) with time (3D)

From equations (34) we have plotted fig. 9. It shows that green and black lines representing the
cosmological constant A(T) reaches positive to zero whereas red and blue lines decreases
negative to zero in late times for K=2 ( in 2-D diagram). In fig. 10, we have a symmetry for
different values of K from -5 to 5 for a =—1.25, k=1, k, =15k;=2,K=2,L =

1,y =0.5,s = 4,7122,77 = 0.4 andn = 0.5.
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Fig. 11 Variation of  with time(2D) Fig. 12 Variation of n with time (3D)

From equations (35) we have plotted fig. 11. It shows that the bulk viscosity nrepresented by
red , blue and black lines reaches positive uptoto zero, whereas green line reaches negative to
zero but blue line constantly remain zero in late times for K=2 (in 2-D diagram). In fig. 12, we
have plotted graphs for different values of K from -5 to 5 with « = —-1.25,k; = 1,k, =

15k; =2, K=2L=1y=05s=4mr=2,7=04andn =05.
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Fig.14Variation of pressure with time (3D)
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Using equations (36) we have plotted fig. 13.Here we see that only the black line shows
positive nature of the total pressure P, but red line moves from positive to negative.The blue
always remains negative, and green moves from negative to positive in late times for K=2 ( in
2-D ). From fig. 14,we havegraphs for different values of K ranging -5 to 5. It also represents
the same behavior for different values of K, witha = —1.25,k; = 1,k, = 1.5,k;3 =2 ,K =

2,L=1y=05s=4m=",n=04andn =05.

7. Conclusion

In this paper we have studied the Bianchi Type V barotropic fluid with magnetic field in
general relativity. The model (24) starts with a big bang at = 0, and the expression in the model
decreases,as the time increases. The spatial volume (V) increases, as time (T) increases(for
n#—1 or «a # 1). The matter density p - o0 when T - 0, and p - 0 when T — oo,
providedy > —1andn > —1.

The model (24) has a point type singularity at T = 0 [Mac Callum (39)]. Shear scalar (o)

increases as n > p, a < 1. Time (t) decreases and o increases as T increases. Since %q& 0,
hence anisotropy is maintained throughout. However at n = 1, the model (24) isotropizes.

Hence the model (24) represents an inflationary scenario.From equation (46) it is evident that
the gravitational constant G(t) increases with time for (K=0) . When t — o then n — 0, and
when t = 0 then 1 — oo is consistent with previously obtained results by Bali et al. [29].

It is observed that in presence of the magnetic field, pressurep, energy density p and
cosmological constant A varies from negative to zero at late times. The gravitational constant
G approaches to zero, when cosmic time tends to infinity.
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Abstract

In this paper, we introduce a new p — k generalised C- series. We find the integral
representation of "p — k generalised C- series and its properties". The Riemann-Liouville
fractional order integral and derivative of the function have been derived in the paper. Some
results previously given by Ali, M.F. et al.(2023), Gehlot et al.(2012), Sharma, M. et
al.(2012)and Prabhakar, T.R.(1971) follow as particular cases of p — k generalised C series.
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1 Introduction

The main aim of this paper is to introduce "p — k generalised C series and find its
integral representation.

Section 2 describes C-series, R- series, M- series, k-series.

Section3 Introduces new p —k generalised C series and shows its integral
representation, fractional order integral and derivative of the p — k generalised C- series and
some basic properties of it.

2 Preliminaries

2.1 Definition

Fractional Integral Operator:
The left sided Riemann-Liouville fractional integral of order & which is defined and
denoted [12, P.4] for Re(a) > 0 is as below

ol =a D7% = — [T (x —)*If(t) dt, @1

here a could be real or fraction or complex.
Special case fora = 0

ol =0 Dx =[5 (x =) f(©) dt. 22)
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The right-sided Riemann-Liouville fractional integral of order « is defined and denoted
[12, P.5] for Re(ax) > O is as below

— 1 b _
A =2 D% = [, (t =) f (D) dt. 2.3)
Special case for b = oo
— 1 [e3) _
& =% D% = [ (t —)¥If () dt. (2.4)

Fractional Derivative Operator
The left sided Riemann-Liouville fractional derivative of order a is defined and
denoted [12, P.52] for Re(a) > 0 is as below

WDEF(x) = DI* Dy ™V f (x)

d\m * m—a—
r(;n—a) @ x-0 fdt, m—1<a<m 03
(;)m_lf(x). if a=m-—1,

here m = [a] + 1 where [a] denotes the integer part of Re(a) not exceeding a.
Special case fora = 0

oDEf(x) = D" ,D; ™V f (x)

d —_— p—
ronay @ Jy =™ () dt, m—1<a<m

4t _ (2.6)

@), if a=m-1,

The Right sided Riemann-Liouville fractional derivative of order a is defined and
denoted [12, P.63] for Re(a) > 0 is as below

OO (Lym (b (¢ —xym-a-if()dt, m~1<a<m
RDEFO) =70 o T @.7)
Eymif, if a=m-1,

here m = [a] + 1 where [a] denotes the integer part of Re(a) not exceeding a.
Special case for b = oo

1"( n™ (d)mf (t—x)™*1f(t)dt, m—1<a<m
WDEf() = { Tl & @8
D@, if a=m-1,

Special functions of Fractional Calculus
In 2009, M-series defined by Sharma and Jain [12] (see also [11]), as
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k
D 5 52) = B SR, M), @9
where a,f,z € C, Re(a) > 0a;,¢; #0,—1,-2--(i=12,p;j = - q), (a)k
and (c; ), are known Pochhammer symbols.
M series is absolutely convergent for all z if p < g, it is convergent if p = g + 1 and
divergent ifp > q + 1.
In 2012, the K- series defined by Gehlot et al [3], as

DK™ (ay, o ayi by, by, (B, M)mi 2) =p K™ (2) =
Z H 1(aj)k Zk
k=0 Hq _y (D) [T, T(ik+ ;)

(2.10)

where a;, by, B €C;m; €ER, G =12-p;n=12--q;i=12--m).

The series (2.10) is defined when none of the parameter b,(n = 1,2 - q) is negative
integer or zero. If any numerator parameter a;(j = 1,2 ---p) is negative integer or zero, the
series terminates into polynomial in z.

The convergence/ divergence of the series is subject to the following conditions:

(i) if p < q + X%, n;, then the series is absolutely convergent for all z € C.

(i) if p = q + X%, i, then the series is absolutely convergent

if |z| <TIZy (ImaD™, and if |z| = [T2; (ImD™ then Re(¥q-; (bn) + XiZ; (B) —

2+q+
L (@) > =+
In 2016, the R- series defined by M.F. Aliet. al [1], as
. o (a1)k(ap)
p q (a1: “Qp; by, bgs 2) = Rgﬁ(z) = Yk=0 Dic Gpl__2- (2.11)

(b)) (bg)k T(ak+B)kY

here, p upper parameters a;,a,---a, and q lower parameters by, by, by, a € C,
Re(a) > 0,m > 0 and (a;)y, (bj)) are pochhammer symbols.
In 2023, the C-series was introduced and defined by Mohd.Farman Ali et al.[2]. The C-
series is defined as:
BIL Bl
p,mC,g_oﬁlﬁ) (aq, - ap; by, by, (@, B)1;2) =pm Cé_o,‘lﬁ) (2)

i (@) km ** (@p)iem z*
k=0 (b1)kn "+ (Pg)kn £:1 [(ayk + By)

,B)1
pmC 8P @y, -+ ay; by, -+ by, (@, By), -+ (@, BL); 7) =

L 1 (@Dkm zk

Zic=o 7, ®pien M= Tark+By)

(2.12)

here, a;, B; € C, Re(a;) > 0,Re(B;) > 0, (a;)mi, (bj)nk are pochhammer symbols.

The series (2.12) is defined when none of the parameter b;j(j = 1,2---q) is negative
integer or zero. If any numerator parameter a;(i = 1,2 ---p) is negative integer or zero, the
series terminates into polynomial in z.
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By applying ratio test, the series is
(i) convergent for all z, whenp < q + YL_; a,.,
(i) convergent for |z| = 1 when | [[t2; T(a,)%| > 1.

2.2 p-k generalised C-series

The authors have introduced and defined the p — k generalised C-series as

k
P[ rmC @ arsby, o b (@, B) - (@B )] = | P @),

_ Zoo p1@10)nmkqpr (@) nmky z"
m=0 L Bndstg(beInasy Ms=q T(@sn+Bs)

H[ 1 D i)nm,ki zn

B
?[ r,mcéfiﬁ) (Z)] = Yin=0 o

j=1, (bj)nd,sj- M-, T(asn+Bs)’

where p;, ki, tj,s;, as € R —(0), za;b;,Bs €C, (l =12-1r;j=12-q6=12-1),
Re(a;) > 0, Re(b;) > 0, m,d are non negative integers.

The series (2.13) is not defined when either of the parameters b; or s;(j = 1,2+:-q) is
negative integer or zero. The series terminates into polynomial in z if any parameter of either
a; or k;, (i = 1,2 ---r) is negative integer or zero.

Convergence criteria of p — k generalised C-series when applying ratio test is

(i) if qd + Zl 1 @; > mr , then the series is absolutely convergent for all values of

(2.13)

z€C,
(i1)if qd + Y, a; = mr, then the series is absolutely convergent for all values of

(t1tg)® _
|z] < (pl...—pq)mddqm ™ [Ts=1 (@),

t)d
(iii)if qd + ¥, a; = mr and |z| = |%ddq

absolutely convergent when Z? ] -+ Y i Bs— 2, %; = >

m™™ [15_, (as)®|,then series is
2+q+l-r
2
Particular Cases of p-k generallsed C-series When some particular values given to
parameters of equation (2.13)
(1) Putting p=k=t=s=1and m=1=4d in the equation (2.13), the equation
reduces to the K-series defined by Kuldeep Singh Gehlot [3],

1 (06 Bt l_Il 1(@)n z" — @B
[ racEP @], = S et kD). 14)

(i) Puttingp =k =t=s=1,m=1=d and [ = 1 in the equation (2.13), it reduces
to M-series introduced by Sharma [12],

1 @B1, A1 _ g iy (2 2" (@)

(i) Puttingp=k=t=s=1,m=1=d,l=2anda; =L,a, =a,1=1,0,=F
in the equation (2.13), the equation reduces to the R-series defined by M.F.Ali et.al [1],

1 (a.B)2 [Ti-: (adn z" (a.B)
1[ r1Cq1 (Z)] = Dn=0 7, (bj)n Tant AT D) =Ry " (2). (2.16)
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(iv) Putting p = k =t = s =1 in the equation (2.13), the equation reduces to the C
series defined by Mohd.Farman Ali et al.[2],

1 (a,p)1 1 R o 1e H;=1 (@)nm z" (e,
o emCaid' @), = 2o G G ey —rm Cad @ @17

(v) Putting p=k=t=s=1, m=1=d, =2, =1, 0, =, =1,5, =0,
r =1 and q = 0 i.e no lower parameter q in the equation (2.13), the equation reduces to the
generalised Mittag-Leffler function introduced by Prabhakar [9] in (1971),

1
1 (a,p)2 _ ' (@)pz"
H G @], = T rameprrs = Eap@- (2.18)

(vi) If there is no upper and lower parameterier =0=qg, m=1=d,p=k=t =
s=1and [ =1 in the equation (2.13), the equation reduces to Mittag-Leffler function by
Wiman [13] in 1905,

al o,lcé,‘i"”l(z)] = 0t = Fentn @) (2.19)

(vii)) Puttingr =0=qm=1=d,l=1,a;=a,f1=1landp=k=t=s=1inin
the equation (2.13), the equation reduces to Mittag-Leffler function defined by Gosta Mittag-
Leffler [8] in 1903,

i 0 @] =3, Eq(2). (220)

F(an+1)

(viii) Putting p=k=t=s5s=1 m=1=d,l=1,a; =1, =1 in the equation
(2.13), the equation reduces to generalised hypergeometric function [7],

1,1)1 l'[L (a)n 2"
%[ r,1C(§,1 ) (Z)] =Ym= oy 1(b])n F(‘IZ‘L+1) =, F (a1'a2 “Qy; by, by - bq; z).
(2.21)

(ix) Putting p=k=t=s=1, m=1=d,l=1,0; =1,6; =1 and no upper and
lower parameter i.e ¥ = 0 = q in the equation (2.13), the equation reduces to an exponential
function,

TR )] =35, o= e, (2.22)

'(n+1)

(x) Putting p=k=t=s=1, =101 =1, =1 in the equation (2.13), the
equation reduces to the general Wright function [7],

1 (1 D1 l_[l 1 (@)nm z" (al'm) (arlm) ]
1[ (= )] = Zn- O M9 (bj)na T(0H1) 0rhq (by,d) - (bg,d) 1z
(2.23)
1 .Th;
where 0 = l;lj 1Fa
=1 i
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2.3 Integral Representation of uniform convergent p-k generalised C-series
Theorem 1. For m=d,q=r,p=t; b;s;,a;,k;>0, (i=12-1r;j=12--q),
- > - then

Si
pmc? @) =
- 1 v (i) G-ty CTOLN
Yn=o [liz1 mﬁ, (1= x)oi ki p[ omCom  (2x )L dx. (2.24)

Proof: Substituting m = d,q = r,p = t in the equation (2.13), we have

Hl 1p( i)nm,ki zn

p (@)1 —
P [ r,mCr,m (Z)] = Xn=o I1}- (bj)nm,s]- 5=, T(asn+Bs)’

Using equation (2.19), (2.20) and (2.22) of [4] in the RHS of above equation, we get

b; a;
PO Ghrnm) n

_Zno ll

Z’mr‘(%+nm)l“(%) M-, [(asn+Bs)
15 L

b; a;j b; aj
IGH)  TGrmmIG-h
it

kl
= Zn=o Y )r(b -

Z1’1

F(%+nm) M=, T(@sn+Bs)

We know the first Eulerian integral is

ﬁ(m n) f x(m— 1)(1 _ x)(n D dyx 'mln

F(m+n)

oo b;
— Z r F(S_L) z" (—+nm 1)(1 x)(ls’__a_f 1.
n=0 i=1 F(Z_E)F(Z—ii )HS 1 Tlasn+ Bs) Jo

< 1 1o by_a; X"
- Z ai b;  a; _f x(ki 1)(1 x)(S‘ W 1 ) dx
1 BGD.C =)o Hs= Tlasn + fs)

n=0 i=1

= i ,B((al) ( al))fl (__ )(1 x)(s_zi_a_? p[ 0m(](“B)l(zxm)];c dx.
1

n=0 i=

Hence proved.
Corollary 1.1 Form=d,gq=r,p=t;b;s;,a;,k; >0, (i =12--71), % > %, then
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L emct )I(Z)]
b1 _1
F(_) ( 1) (bl al) 1 .
a1)r(b1 al)f xk 1=x)s1 ka b1 [ reim ﬁalﬁr)n(zxm)] . (2.25)

s1 k1

Proof: Substitutingm = d,q = r,p = t in the equation (2.13), we have
l © L-(ai)nm,ki n
2 € @], = it Tl - (2.26)

p; (PDnm,s; 5=, T(@sn+Bs)

Taking RHS of the equation(2.26), we have
— Zoo T Pi(ai)nm,ki p1 (@) nmkq z
n=0 pi(bi)nm,si pl(bl)nm,sl Hl5=1 T'(asgn+Bs)

n

By using equation (2.19),(2.20) and (2.22) of [4], we have

nm 21
— ZOO pi(ai)nm,ki D1 (E)nm P
n=0 p; Pdnms; plnm(g—i)nm Hé‘=1 ['(asn+Ps)
a3 by, by a1
= ZOO 0 r pi(@)nmk; 1—‘(1(1-'-1"71) I( 1) l—‘(51 ) zn
n

pi(bi)nm,si F(Z_i) F(—+nm) F(bl al) H5 1 T(asn+Bs)

By using definition of Beta function

-2 11 s, o = B (1 - & ax
=0 i=2 pl(b )nms F F( )Hs 1 F(%" + 36)
by o r
[ Y [ e ("
T La b a ] l
Fk—il"(s—i - k—i) 0 e pi(bl)nm,si 1_[5:1 ['(asn + Bs)
b
F(_l 1 ay by_aj. k-1
Sl f x' 1)( x)(51 )" p—l[ r—1mCr(a1ﬁr)ri(me)] dx
( )F( s-1

Hence proved.
Theorem 2. For as € R; s € C; (as) >0 ,Re(fs) >0 for 6§ =1---1, B,y €ER,

(B —y)>0,x € C, Re(x) >0, £ €1 then we have

It) [ r,mcggz’ﬁ)l(z)]l: =

X9
_ o X __1D B)l+H1 1
gz F [ e Py 1t[ rmC&PP @y, e ap; by o by (B ,5 ", x)] dx. (2.27)
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Proof: Taking RHS of the equation (2.27), we have
oo %9 1 _ k
= gzy—ﬁ f e—z—gxﬁ—y—lf [ r_mCéfZ’ﬁ)Hl(aL @y by e bq; (oc, ﬁ)l: (E,%); x)] dx.
0 s
Using the equation (2.13), we get
© X9 - ITi- (aq; . x" dx
= gzy_ﬁf e_z_gxﬁ_'}’—l lq 1 pl( L)nm,kl l . —.
0 noo Wj=1 ¢ (bj)nd,sj H5=1 F(“(Sn + ﬁz?) F(E + Ty)
Order of integration and summation can be interchanged under the conditions of uniform/
absolute convergence of the series as discussed in the subsection (2.2).

H{:l pi (ai)nm,ki 1 i

= gZV_B 1 fooe—z—gxﬁ—y—lxn dx
n=0 ?=1 tj (bj)"d'sj F(g + %) H55=1 [(asn + Bs) Jo
1 1
Letﬁ =u;x=zud;dx = Zus tau
z9 g
= zV B H%l pi (@) nmk; 1 : 2P ” e_uu—ﬁ_;mﬂ du
n=0 ‘=1 tj (bf)"d'sj F(S + %) [I5-1 T(asn + Bs) Jo

Using gamma function definition

T
I[i=1 p;(@)nmk; zB-v+n

=zV By
Ln=0 H?ﬂ tj(Pjdnds; M5, T (asn+Bs)

k
:ztj [ r,mccgiliﬁ)l(z)]s-

Hence proved.

Corollary 2.1 Putting p = k =t =s =1 in the equation (2.27), we get the integral
representation of C-series defined by Mohd. Farman Ali et al. [2].

% [ r,mcézﬁ)l(z)]i =

(o0} xg 1 _ 1
gzy—ﬁ f e_z_gxﬁ—y—li [ r,mC,gff)l“(al. @3 by bg; (a, B, (_lﬁ_)/); x)] dx
0 9 4 1
Bl
= wmC%P @) (2.28)

Corollary 2.2 Putting p =k =t =5=1; m=1=d in the equation (2.27), we get
the integral representation of K-series defined by Kuldeep Sigh Gehlot et. al[3]

1
B
H i @) =
co %9 1 _ 1
gzy_ﬁ f e_z_gxﬁ—'}’—li [ T,1C(§ﬁ'ﬁ)l+1(a1' Ay bl bq; (a’ ﬁ)ll (E’ ﬁg_y)' x)] dx
0 1
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=, K*P'(2). (2.29)

Corollary 2.3 Puttingp=k=t=s=1; m=1=dl =1 in the equation(2.27), we
get the integral representation of M-series

1 [ rlc(aﬁ)l(z)]i _

© x9 1 —
gzy_ﬁf e_z_gxﬁ_y_lili rlC(aﬁ)z(al’...ar;bl---bq; (O(,ﬁ)l, (E,ﬁ
0

1
14
);x)]1 dx

=, M{“P1(2). (2.30)
Corollary 2.4 Puttingp=k=t=s=1,m=1=d,l =1, a; =1, f; = 1 in the equation
(2.27), we get integral representation of . F; (2)

i @) =

oo 9 1 _ 1
gZV_B f e_z_gxﬁ_y_li [ r'lcéjlil)z (ali Oy b1 ees bq} (1’1), (5’%)’ x)] dx
0 1

=, F;(2). (2.31)
Corollary 25 Puttingp =k =t=s=1;d=1,l=1+1, a1 =fy1 =1, 7r=1,

a; = p and no lower parameter q in the eqation (2.27), we get integral representation of
generalised Mittag Leffler function studied by Saxena R.K. et al.[10]

1
B
Homcei?™ @) =

oo g _ 1
gar# | e 1,mcéi'ﬁ)l+2(l’i_i(a:ﬁ)z:(lll):(%:ﬁ i) ax
0 1
= Epml (e, 1) - (@1, 8 2] = Epm[ (@, Bs)1:7] (232)

Corollary 2.6 Puttingp =k =t=s=1; m=1=d, [ =1 and there are no upper
and lower parameter in the equation (2.27), we get the integral representation of generalised
Mittag Leffler function E, g(2)

%[ 01C(aﬁ)1(z)]1
1
= g2 [ e el - @G )] ax

= Eo 5(2). (2.33)

Theorem 3. Forx e C, A, u,y E R,andA >0, u >0,y > 0,y + u > A, then we have
k
B
Pl rmCod? @i aiby, e bgi Ay + ), (@2, B2) - (@ B D).
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AT - A)fo
(1—x%)y+ﬂ+1p[ CEP g ey by, by (U A), (g By) -+ (@ ﬁ)-xz)]k dx
t rm&q,d 1 ' Y1) q’ ) ) 2 P2 LPL) S .
(2.34)

Proof: Taking RHS of the equation (2.34), we have

ATy +u—2) fo
1 k
(@ =y A G (@, ari by, b (), (@, B2) (e B3 x2) | dx

Using the equation (2.13), we have
1

:AF(yw—A)fo (1

oo r n
_ x%)yﬂt—l—l Hi:l pl(az)nm k; (xz)

n=0 ?=1 t; (bj )ndS, HS , (asn + Bs)I'(An + A)

Order of integration and summation can be interchanged under the conditions of
uniform/absolute convergence of the series as discussed in the subsection (2.2).

_ 1 [li-1 (@) nmpk, z"
}{F()/ tu- /1) n=0 H?:l tj(bj)nd,sj Hﬁs‘:z F(aé‘n + .86)1-‘(/171 + ﬂ-) 0

(1- x%)””_’l_lx" dx

1
LetxZ =u; x = u’l; dx = lutt
i1 p;(@Dnmk; z"
Yn=0 Ta
=y ¢;®pnas; M-, T(asn+pBs)I(An+2) 70

1 —y)YHe- -A-1 /1n+/’l 1du
F(y+u A f ( )

Using definition of Beta function, we have

_ 1 1 pl(at)nmk zn
Zn 0

M-y ¢;®)nas; M=, T(@sn+Bs)l (An+(y+w)

K
Bl
=2 rmCoi @ api by b (Ay + ), (a2 B2) (@ B3 2)] -
Hence proved.
Corollary 3.1 Putting p =k =t =s =1 in the equation (2.34), we get the integral
representation of C-series studied by Mohd. Farman Ali et. al[2]

o @ s by, by Ay + 10, (@ o)+ (@0, B 2)]|

:Ar(yw—z)fo
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1 — xayrtu-a-1t S LT e TS S e ) | d
(1 —x2) 1| rmCed = (@1, ar; by, oo bg; (A, A), (a2, B2) - (ay, B1); x2) | ax

(2.35)

Corollary 3.2 Puttingp =k =t =s =1 and m =1 = d in the equation (2.34), we
get the integral representation of K-series studied by Kuldeep Singh Gehlot et al.[3,P.393]

1
o raCet™ @ agiby o bos Ly + ), (@2, B2) - (a0, B )|

1 1
TAT(y +p— A)f
I yu-a-11 @p)l e ’ !
(1—x2) 1 [ r1Cq1 (@1, @p; by, by; (4, 4), (az, B2) (“z:ﬁz):xz)]l dx

B
=, Ko™ (@1, ari by, b Ay + 1), (a, B) -+ (@, B ). (236)
Theorem 4. For p,0,a € Rand p > 0, o > 0, then we have
k
B
Pl G (@i agi by, bgi (a1, B) - (@ B 29 .
. k

20 f) x0T U] Gl @ agi by bgi (0,p), (@, B) (e B x| dx.
(2.37)

Proof: Taking RHS of the equation (2.37), we have
e k
-1 - B)l+1
= pro xP~le=%2 f [ r,mCéfiﬁ) * (ay,*** ar; by, -+ by; (0, p), (a1, B1) =+ (ar, B1); ax")]s dx

Using the equation (2.13), we have

= zP fooxp—le—xz [T=1 p(@nmi (ax)" .
0 LTI, ¢ (Bpnas; [Ts=y T(asn + Bo)T(on + p)

Order of integration and summation can be interchanged under the conditions of
uniform/absolute convergence of the series as discussed in the subsection (2.2).

[00)
H?:l Di (ai)nm,ki (a)™ ®

= P
H?=1 tj(bj)nd,sj Hfs=1 I'(asn + Bs)T'(on + p) Jo

xan+p—1e—xz dx

n=0

Using definition of Gamma function
_ z | pi(ai)nm,ki 1 (i)n
LT, ¢ Bnas; oy T(@sn + ) 2°

k
Bl

=2 | rmCoi @i agi by b (an, B) (@ B 20

Hence Proved.

Corollary 4.1: Putting p =k =t =s =1 in the equation (2.37), we get the integral
representation of C-series studied by Mohd. Farman Ali et. al[2]
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1
,B)1
o rmCoa @iy, by (e, B) -+ (a0 B 29

w . ’ 1
zP fo xP~le=x% %[ r,mC‘gziﬁ)Hl(ap"'ar;bl,"-bq; (a,p), (a1, By) -+ (al,[)’l);ax”)]l dx.
(2.38)

Corollary 4.2: Puttingp =k =t =5 =1, m =1 =d in the equation (2.37), we get

the integral representation of K-series studied and introduced by Kuldeep Singh Gehlot et. al
[3]

B !
o raCei® (@ ari by b (@, B - (@ B )|,

o i B)l+1 1
= 2° f x5 | CotP T (@, api by, by (0,0 (@, Br) -+ (@, B ax?)| | dx
0

= Ky"'[ay, - ap; by, -+ bo; (@1, Br) -+ (a1, B); =51 (2.39)

Corollary 4.3: Puttingp =k =t=s=1;d=11l=1l+1, a1 =fs1=11r=1,
a; = p and no lower parameter q in the eqation (2.37), we get the integral representation of
generalised Mittag Leffler function defined by Saxena R.K. et al.[10]

1
HoamC6a™ " (0 = (an B) - (@ B )|,
[e0) _ _ : l 1
= 2° f xP e [ nCey P (03 =3 (0,0, (e, B) - (e, B (L1); x| dx
0 1

= Epml(@y, 1) (a1, B 1. (2.40)

2.4 k-integral Laplace transform of uniform convergent p-k generalised C-series
Theorem:5. Fora > 0; u = 1, 8,x € C, then

1 k
L B[ emCSP " (e by b (0,5 @ ) = B 4 2)] 5]
S

1P
= k
6 Ha B
= | oGP ey by @B - (@ B | @4
@ s

To avoid confusion between parameter k of p — k generalised C-series and k-integral
Laplace transform [5], u is used in place of k in k-integral Laplace transform.
Proof: Taking LHS of (2.41) and using definition of k- integral Laplace transform, we

—-fa B)l+1
= f et 2] i (al.---ar;bl.---bq:(a,;)cal,ﬁl)---(al,m);(x"“z)] dx
0 s

Using equation (2.13), we get
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_ foo e_géxu Z P1 (al)nm,kl oy (ar)nm,kr (xa,uz)n dx
0 nas, tg Gdnasy Moy T(@sn + Bs) D(on + )

n=0

Order of integration and summation can be interchanged under the conditions of
uniform convergence of the series as discussed in the subsection (2.2).
[0¢]
I Sy . L (% oba o
= 7 I e x dx,
ty (bl)nd,sl Uty (bq)nd,sq H5=1 F(“(Sn + ﬁS) F(cm + ;) 0

n=0
1

1
Letx* =y iex =y* anddx = iyﬁ_ldy

_ Z 22 (@) nmiy e (@) nm i, : Zzn 1 : fmle_‘g%yyan+i—1 dy,
ot (b)nas, ey (Dgdnasy [ls=y T(@sn+ Bs) T(on + Do K
Using definition of Euler’s second equation, we get
1 [00]
_ 6 ka Z P1 (al)nm,k1 Dy (ar)nm,kr z" i
u t1 (bl)nd,sl tg (bq)nd,sq H55‘=1 l"(a(;n + ﬁ&) 9%'
_ip x
6 ke Bl
= | O e by b (@ B) (B o)
* s

Hence proved.

2.5 Fractional order Integral and Differentiation of uniform convergent p-k generalised C-

series
Theorem:6. Let y > 0,Re(f;) > 0,a; > 0,Vi = 1,2--- 1. The special case (i.e a = 0)
of left-sided Riemann-Liouville fractional integral given by equation (2.2), then
_ Bl k _1P B k
o LP T Y[ oG @x )] = 2P i @z a2
Proof: Using equations (2.2) and (2.13) in the LHS of the equation (2.42), we get
_ 1 (72 xPit c H§=1 pi(ai)nm,ki (ax®)"
Oy Jo =0T LTI, o (bnas, omy T(@sn + )

Order of integration and summation can be interchanged under the conditions of
uniform/absolute convergence of the series as discussed in the subsection (2.2).

_ i H{=1 pi(ai)nm,ki 1 fz
Iy & T1., o (Bnas; [s=y T(asn + Bs) Jo

atxPrran=lz — x)r=1dx

Let x = zu and dx = zdu
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(o8]
1 Hf:l Pi (ai)nm,ki anzﬁl+a1n+y_1 !

[— ﬁ1+a1n—1(1 _ )y—l d
u u u
F)/ n=0 ?:1 tj (bj)nd,sj 1_[55:1 F(aé'n + .86) 0

Using Beta function, we get
_ zPrty1 [Ti=1 pi(ai)nm,ki a"z®n (g, + ayn)ly
F]/ ;'I:l tj(bj)nd,sj Hl5=1 F(aé'n + ﬁé‘) F(Bl + Y + aln)

n=0

k
—-1P l
= 2P [ G @ agi by, b (@ By + V) (@2 B) (e B az ™) |
= zﬁ1+y—1f [ m (aﬁ)l(azal)]

Hence proved.
Theorem 7. Lety > 0,Re(B;) > 0,a; >0,V i = 1,2+ L. The special case (i.e. b = )
of right-sided Riemann-Liouville fractional integral given by equation (2.4), then

AL 7| r,mc“’”’(ax-“l)] =27 m “"’”’(az-“l)] (243)

Proof: Using equations (2.4) and (2.13) in the LHS of the equation (2.43), we get
_ 1 foo x7V=h - HTiﬂ=1 pi(ai)nm,ki (ax™®)n
FV (x - Z)l_y =0 ?:1 tj(bj)nd,sj 1_[55:1 F(azSn + .35)
Order of integration and summation can be interchanged under the conditions of
uniform/absolute convergence of the series as discussed in the subsection (2.2).

_ l H{:l pi(ai)nm,ki f
F)/ n=0 ?:1 tj(bj)nd,sj Hfs:l F(azSn + ﬁ&) z

atx"V B (x — 7)r-1 dx

z z
Letx ==-anddx = —=du
Og’ u
r -B1- 1
1 [Ti=1 pi(ai)nm,ki atz Fimaan

- p1tain—1 _ y—-1
= u 1-w)y!r—du
F)/ n=0 ?:1 tj (bj)nd,sj H55‘=1 F(azSn + ﬁ&) 0

Using Beta function, we get
H?:l Di (ai)nm,ki anz_ﬁl_aln F(ﬁl + aln)r(y)

= Fy n=0 ;I=1 tj(bj)nd,sj ngzl F(Olsn + ﬁs) F(‘}/ + Bl + aln)
= Z_ﬁl H{:l Pi(ai)nm,ki z-@nan
n=0 ?=1 tj(bj)nd,sj 1_[5522 F(a,gn + Bs)I'(y + p1) + 0!171)

k
—B.P Bl —_
=27 P o (@ api by, by (@, B+ 7) (a2, B) (e B az ™)
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k
—B,P B,
=z P, [ T,mCézﬁ) (az “1)15.

Hence proved.
Theorem 8. Let y > 0,Re(B;) > 0,a; > 0,Vi = 1,2+ L. The special case (i.e. a = 0)
of left-sided Riemann-Liouville fractional derivative given by equation (2.6), then
_ Bl k . B k
oDy [xF171 ?[ r,mC‘gzﬁ) (axal)]s = zh7r1 Itj[ r.mC‘gfiﬁ) (azal)]s-
(2.44)

Proof: Using equations (2.6) and (2.13) in the LHS of the equation (2.44),we get

) f xF1mt C HT{=1 pi(ai)nm,ki (ax)"
@ o DT Ly T, ¢, (Bnasy Moms Tagn + Bs)

where p = [y] +1
Order of integration and summation can be interchanged under the conditions of

uniform/absolute convergence of the series as discussed in the subsection (2.2).

_ 1 H{:l pi (ai)nm,ki l 1 (i p fz anxna1+ﬁ1_1(z
F(p - )/) =0 H?zl tj(bj)nd,sj H6=1 F(azSn + .86) dz 0
— x)p—y—l dx

Let x = zu and dx = zdu
_ 1 1_[7{=1 pl(ai)nm k; a
I'(p—y) o H?Zl t;(bna,s; [T5-, T(asn+ Bs) d

1

( )pzna1+ﬁl+p—y—1f yunaithi-1
0

1 —w)P7rldu

n

Using Beta function we get
[lio1  p;@)Dnmi; a™z"*1+B1=Y=1 I(na, +B;+p—y) T(nay+B)T(p—Y)

Zn o t-(bj)nd,sj Hfg:lr(aan"'ﬁs) F(na;+P1-v) T(mai+pi+p-v)

F(p Y)

r
[Ti=1 pi(ai)nm,ki anzna1

— ,B1-v-1
=Z E —
n=0 H?zl t-(bj)nd,sj M-, T(asn+Bs)T (nas+(B1-v))

k
—y—1P Bl
= zPr Tty [ r,mcézﬁ) (@1, @p; by, by; (a1, Br — V) (a2, B2) -+ (a1, B1); azal)]s
k
Y Bl
= zP1r-1 ?[ r,mCézﬁ) (az“l)]s.

Hence proved.
Theorem 9. Lety > 0,Re(S;) > 0,a; > 0,V i = 1,2--- 1. The special case (i.c. b = o)

of right-sided Riemann-Liouville fractional derivative given by equation (2.8), then

DU [ P )] =B [P 0]
(2.45)
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Proof: Using equations (2.8) and (2.13) in the LHS of the equation (2.45),we get
To-n" @ ), G=2" P LT, o B)nas, oo Taan + Bs)

)

where p = [y] +1
Order of integration and summation can be interchanged under the conditions of
uniform/absolute convergence of the series as discussed in the subsection (2.2).

oo r [e0)
_ 1 [Ti=1 Pi(ai)nm.ki : 1 (—— pf axY—Bi—an
F(,D - )/) =0 H?zl tj(bj)nd,sj H5:1 F(aé‘n + .36) dz z
(x —z)P 7 ldx

Let x = = and dx = —izdu
u u d
® ne_ 2y\p,p-B1—ain
1 lezl pi(ai)nm,ki a ( dz) z v !

uﬁ1+a1n_p_1(1 — u)p_y_l du

TN, §Bnas, oo N@sn+ o)

Using Beta function, we get
Z | § pi(ai)nm,ki anz—B1-ain [(an+B1) TC(an+B1—-p)T'(p—v)
r(p N0, ¢ (0nas; Moy T(asn+Bs) T(arn+Py=p)  T(@in+pi=y)

H{:1 pi(ai)nm,ki atz—%1n 1
M-, ¢;®)nas; o=, T(@sn+fs) T(@in+f1—y)

— Z_ﬁl Z?f;o

k
B, P l —
=27 PY| o (@ api by, b (@, By = Y) (@2, B) - (e B az ™)

- Z—/j’li’ [ (“ﬁ)l(az—al)]

Hence proved.

2.6 A differential equation
Theorem:10 The p —k generalised C-series for m =d = 1and as = 1 where
0 = 1,2 --- [ satisfies the differential equation

[n;’zl (9+ — D52 0+ Bs— 1) —zATII, (9+ ]w= 0, (2.46)
l_[i 1p; ai)n,ki Zn

M., B M5, T(n+B5)

A Hl 1pL

where 6 —Z Hq ’ andw=2n 0

for ¢ > r and no % is negative or zero.
)
Proof: Using the equation(2.13) and the equation (2.20) of [4], we get the desired
result.

Hence proved.
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3 Conclusion

We have introduced and studied a “p-k generalised C-series”. The function/series is a
generalisation of K-series, M-series, R-series and C-series. This series satisfies a differential
equation (2.46), which shows that the series is useful in solution of any real word problem,
which is expressed in the form of differential equation (2.46). Further, we obtained k-
Integral Laplace transform of the series to connect the series with integral transform to make
it relevant for future usage in the field of various research of science and engineering. This
piece of research also shows relevance of “p-k generalised C-series” by way of finding
fractional order integration and differentiationof the series. As it is well known the
importance of the fractional calculus in the field of science and engineering.
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